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Abstract

The propagation of a partially coherent optical field in a periodic photonic lattice with
one-dimensional periodicity was investigated using the framework of Floquet-Bloch modes.
The deterministic counterpart was explored by using a Gaussian source to establish a
solid baseline for how the system responds to parameters: the influence of transverse
momentum and lattice amplitude on beam propagation and participation coefficients was
discussed. The stochastic aspect of the system was considered, where we described the
interplay between lattice properties and field fluctuations by considering the optical beam
as a superposition of Floquet-Bloch modes with coefficients being stationary random
processes. The second-order theory of coherence was employed to demonstrate that the
propagation of partially coherent optical fields depends on the excitation of bands and on
the correlations between them. The role of spatial coherence in the system was explored
through the cross-correlation participation coefficients, indicating how the power of the
beam is distributed in terms of the band structure. In the end, we used the results to

describe the dynamics of the beam center.

Keywords: Classical Optics, Interference and Diffraction of Light, Optical Coherence.



Resumo

A propagagao de um campo 6ptico parcialmente coerente em uma rede fotonica periddica
com periodicidade unidimensional foi investigada utilizando o formalismo dos modos de
Floquet-Bloch. A contraparte deterministica foi explorada utilizando uma fonte gaussiana
para estabelecer uma linha de base sélida sobre como o sistema responde aos seus para-
metros: a influéncia do momento transversal e da amplitude da rede na propagacao do
feixe e nos coeficientes de participagao foi extensamente discutida. O aspecto estocéstico
do sistema foi considerado, onde descrevemos a interacao entre as propriedades da rede e
as flutuacoes do campo, considerando o feixe éptico como uma superposicao de modos
de Floquet-Bloch com coeficientes sendo processos aleatorios estacionarios. A teoria de
coeréncia de segunda ordem foi empregada para demonstrar que a propagagao de campos
opticos parcialmente coerentes depende da excitacao de bandas e das correlagoes entre
elas. O papel da coeréncia espacial no sistema foi explorado por meio dos coeficientes de
participagao de correlagao cruzada, indicando como o poder do feixe é distribuido em
termos da estrutura de banda. No final, utilizamos os resultados para descrever a dinamica

do centro do feixe.

Keywords: Optica Cldssica, Interferéncia e Difracdo da Luz, Coeréncia Optica.
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1 Introduction

Systems with periodic properties are frequently studied in physics, as this charac-
teristic often leads to interesting phenomena. The propagation of waves in such media
permeates the interest of areas like electronics[l, 2, 3, 4], acoustics [5, 6], and optics [7, 8,
9, 10, 11, 12]. One strategy to analyze this problem is given by Bloch’s theorem, which, in
a periodic structure, allows the unfolding of the propagating wave into normal modes with
their respective dispersion relations, dictating how the system’s vibrations behave. The
similarities between quantum mechanics and optics allow band theories and the study of
band gaps to gain their deserved place in photonics [13, 14], which holds part of our subject
of study. Additionally, every optical field found in nature possesses a stochastic nature,
which can be understood through the formalism of Statistical Optics [15, 16], enabling
us to study partially coherent light through the propagation of functions associated with

signal correlations present in the source.

The main goal of this master’s thesis is to present how the Floquet-Bloch theory
can be a good strategy for studying the propagation of partially coherent light considering
a medium with periodic properties and studying its particularities. In the next paragraphs,

the reader will be presented with the structure of this thesis.

In chapter 2, the reader will be briefly introduced to photonic systems, their
applications, and the conventional theoretical framework used to study these systems.
Analogies with quantum mechanics will be made, specifically with solid-state physics,

which will be the terminology for the discussion of the main results.

In chapter 3, the reader will be presented with basic concepts of statistical optics.
Basic concepts of scalar wave optics will be necessary, but basic concepts of the theory
will be presented in the chapter or in the appendix if it was not mentioned in the previous
chapter. The main goal is to settle an intuitive relationship between coherence and
correlation, also connecting these concepts to interference phenomena. The important
quantities of the theory will be presented, which will be the main characters of the chapter

on our results.

In chapter 4, the concepts presented in the previous chapter will be utilized to
construct a model describing light in periodic media while considering its spatial coherence
effects. The fundamental concepts of our theory will be explored and the connection with
concepts and methods from solid-state physics will prove useful. A specific case involving
deterministic light will be done for comparative purposes, but the core of the chapter lies

in the subsequent investigation of the stochastic case by using the presented framework.

To conclude, chapter 5 provides a summary of the work done, a brief commentary
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about the difficulties encountered, and discusses potential future developments.
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2 Photonic Crystals

This chapter provides an overview of photonic systems, their applications, and the
conventional theoretical framework used to study these systems. Concepts from quantum
mechanics and solid-state physics will be mentioned and briefly discussed to draw analogies
with quantum mechanics and establish a common language for discussing future topics.
Maxwell’s equations will be introduced to discuss these materials, delving into the realm
of optical systems that this thesis focuses on. Ultimately, the chapter will derive the
paraxial wave equation in a medium, which forms the core of this chapter and serves as

the foundation of its theoretical framework.

2.1 Photonic Crystals

Humanity’s advancement has been intricately tied to our comprehension of the
world and its laws. From manipulating iron in the Stone Age to discovering copper, steel,
and other materials, our journey has been marked by technological progress. The modern
and contemporary ages have seen innovations in ceramics, metallurgy, and plastics. In
the last century, breakthroughs in conductivity and transistors have revolutionized the
world. Furthermore, the development of new alloys and ceramics has empowered scientists
globally to explore high-temperature superconductors, which could lay the groundwork
for future technologies [8]. The capacity to manipulate and engineer artificial materials
has unveiled frontiers in controlling the optical properties of materials. This advancement
holds tremendous potential for technological applications, including the ability to regulate
which frequencies of light waves can pass through, the direction of light propagation, and
the confinement of light within specific zones of the material. Notably, optical materials

such as optical fibers have played a pivotal role in advancing telecommunications [17].

Within the vast array of optical materials, there exists a category where the
structure is comparable to the wavelength of the light propagating within it. Some of these
materials are known as photonic crystals, distinguished by a periodic refractive index in

the macroscopic medium [8, 9].

The most critical information is generally conveyed by the dielectric function
¢(r), which, by definition of photonic crystals, is periodic. Figure 1 displays a schematic
representation of a photonic crystal formed by different slabs on the left and a graph of
a continuous dielectric function on the right. Each color represents a different dielectric
constant in the medium, illustrating the discrete case on the left. It is useful to consider a

treatment where the periodicity is also continuous (right).
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Figure 1 — Examples of simple photonic crystals: On the left, colors represent different
dielectric constants; on the right, a continuous dielectric function is displayed.
They're (a) 1D and (b) 2D structures. This illustration is inspired by figure 1
from [8].

The primary objective is to study the profile of electromagnetic waves. As is known,
electromagnetic waves are generally periodic, and when they interact with a medium with
periodicity on the same order as their wavelength, unique phenomena emerge, such as the
formation of a photonic band structure and band gaps. All of this enables unprecedented

control over light within the medium [7].

Initially, photonic crystals were introduced in the literature as a means to control
spontaneous emissions of atoms [18, 19]. It was quickly realized that light propagating
in periodic dielectric media behaves analogously to an electron in a solid-state periodic
potential [20, 21, 22, 23, 24, 25|, giving room to parallels between the theoretical approach

between quantum mechanics and photonic crystals [7, 8, 9, 13].

The various phenomena enabled by the complex structure found in photonic crystals
have led to a wide range of technological applications and research avenues, such as photonic
integrated circuits [26], micro and nanophotonic crystal waveguide circuit boards [27],
optical communications [28], wavelength monitors [29], among many others [30, 31, 32, 33].
In the market, silicon nano-photonic integrated circuits are already being commercialized

by Luxtera [34], while NKT Photonics offers specialty photonic crystal optical fibers
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[35], Lumileds provides photonic crystal light-emitting diodes [36], and OmniGuide offers
photonic bandgap fibers for precision surgery and cancer therapy [37, 38]. In addition
to artificial materials, photonic crystals can also be found in nature, such as in peacock

feathers [39], chameleon colors [40], butterfly scales [41, 42] and other natural sources [43].

In these systems, as mentioned, light exhibits behavior analogous to an electron
submitted to periodic atomic potentials, a concept extensively explored in solid-state
physics [1, 2, 4]. This resemblance arises because the equations describing light bear
similarity to the Schrodinger equation [13]: the study of Bloch modes for optical waves
reveals the emergence of bands and forbidden frequencies (band gaps) in photonic lattices
7, 8, 9, 10]. Particularly, in a scalar and paraxial approximation, examining the equation
in one dimension, the Floquet-Bloch theorem becomes relevant and one must be aware of
the one-dimensional band theory and more profound analysis of the solutions [4, 44, 45,
46, 47, 48].

Research in photonic structures has become an ever-growing subject in physics since
their realization and discovery [19, 20]. Several studies explore the electromagnetic wave
propagation in periodic structures utilizing Bloch Waves through plane wave expansion
techniques [21, 22|, as usual. Theoretical and experimental exploration in this has flourished,
exploring well-known electronic effects in photonic systems, such as Rabi oscillations [49,
50, 51, 52], Zener tunneling [49, 52, 53, 54, 55], zitterbewegung effect [14], Bloch oscillations
[54] and the effects of the Bragg resonance in these phenomena [55, 56]. It is important to
note that studying Bragg resonance in these lattices or waveguide arrays provides insights
into the impact of the incident angle of an initial beam on the optical diffraction and
dispersion of optical beams during their propagation [57], which is useful if one aims to

study propagation properties of optical beams.

The next sections will provide a brief overview of the theoretical framework used in
the study of these systems, drawing connections with solid-state physics and focusing on
the theoretical framework that enables one to address the main problem of this thesis. First
and foremost, it is important to set the "rules of the game,"i.e., the main considerations to
develop a good mathematical description for photonic crystals. As always, one must start

with Maxwell’s equations.

2.2 General Mathematical Description

All problems in the classical electromagnetism can be solved by taking into account
the Maxwell’s equations. The main characters of the electromagnetic phenomena are the
electric field vector E = E(r,t) and the magnetic field vector B = B(r,t). If one needs to
consider the interaction with a material medium, one must take into account its properties,

given by constitutive relationships between the electric field and the polarization density
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field P = P(r, ), that carries the electric response of the media, and between the magnetic
field and the magnetization density field M = M(r, t), that holds the information of the
magnetic response of the media. One can find a deep discussion about the connection
between the microscopic nature and the macroscopic significance of these fields [58]. From
them, one can define two auxiliary fields, which are the electric displacement vector
D = D(r,t) and the magnetic strength vector H = H(r, ¢); though their dependence on E
and B can be really complicated, it can be written as a power series expansion for each

component considering all the material’s linear and non-linear responses [59, 60].

In the presence of a free charge distribution p = p(r,t) and free current density
J = J(r,t), Maxwell’s equation in the matter is given by the following coupled partial
differential equations:
V-D(r,t) = p(r,1) V x E(r,t) = —2Bd)

opien . (2.1)
V-B(r,t)=0 VxH(r,t) =225 4 J(r )

These equations are common in any elementary course of electrodynamics, and
solving them provides the electromagnetic field at any point in space r at any time ¢. In
general, when dealing with photonic crystals, certain assumptions can be made to simplify
the problem of solving this set of differential equations without losing relevant physics [8,
7]. The dependence of some quantities on the electromagnetic wave frequency w will be

omitted, although it will be present in certain discussions.

Assuming that the electromagnetic field strength is sufficiently small, the material’s
nonlinear response to the light is negligible, thus only linear responses remain. Furthermore,
considering a macroscopic, linear, and isotropic material, the relationship between the
fields E(r, t) is given by

D = €e(r)E, (2.2)
with €(r) being the permittivity or dielectric function depending on the spatial position r
and not on the time ¢. Thus, the material is non-homogeneous and the material’s electric
properties do not change over time. Another assumption regarding the permittivity is that
the material is transparent, i.e., €(r) is a real and positive function. The real condition
€(r) € R here means that there are no losses in the material and the positive one €(r) > 0
is to avoid metallic materials, although there are some works on photonic crystals with

metals and dielectrics combined [61, 62].

The class of materials that is on the scope of this work does not have a pronunciation
magnetic response, thus the relationship between B(r,t) and H(r,t) is mediated only by

the vacuum permeability, for simplicity:

In the optical regime of the electromagnetic spectrum, the refractive index serves

as the universal language. Thus, it will be useful to emphasize the relationship between
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the dielectric function €(r) and the refractive index. Considering what was previously

discussed about the material, one can express the refractive index as
n(r) = /e(r), (2.4)

therefore the permittivity is proportional to the refractive index squared e oc n?.

Considering all previous assumptions and that there is no charge or current sources
within the material, that is translated to mathematical language as p = 0 and J = 0,

Maxwell’s equation can be manipulated from equation 2.1 to:

Vo e@E(r,t)) =0 VxE(r,t) = —pu 24 . (2.5)

VoH(rt) =0  V xHr,t) = ce(r) 22

This set of equations remains challenging to solve despite the assumptions made,
and the time dependence remains problematic. The main concern in exploring light
propagation in photonic crystals lies in the spatial content of these equations [7, 8, 9];
thus, to simplify the problem even further, one can utilize the linearity of the differential
operators: every physical solution for the electromagnetic field can be thought as the real

part of a linear combination of harmonic modes that carry the time dependence with a

factor e, a monochromatic wave:
E(r,t) = E(r)e ™! (2.6)
H(r,t) = H(r)e ™! ’ '

that can be inserted into equation 2.5 and the solutions of the resulting equations will be

restricted to a given frequency w:

V- [e(r)E(r)] =0  V xE(r) = iwuH(r)

_ : (2.7)
V-H(r)=0 V x H(r) = —iwepe(r)E(r)

these are a set of coupled differential equations with dependence solely on the spatial
coordinates. The two divergence equations ensure the transversality of the electromagnetic
field within the material, while the curl equations relate the fields H and E [8]. To decouple
these equations, one must apply the curl operator Vx to the curl equation for the electric
field E, and then divide the curl equation for the field H and apply the curl operator. The

result is as follows:
V x [V x E(r)] = k%¢(r)E(r)

V x |5V x H(r)| = K*H(r) |

where the equation for E is a generalized eigenvalue problem, while the one for H is

(2.8)

standard eigenvalue problem. Due to the complexity of solving for E, one may prefer to
solve the simpler problem for the field H and then recover the electric field E through the

equation

V x H(r); (2.9)
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or, conversely, solve for E and recover the field H through the expression:
i
H(r) = —V x E(r). 2.10
(1) =~ -V < B (210)

The fact that the general problem can be viewed as an eigenvalue problem is valuable be-
cause one can retrieve well-known results from functional analysis and quantum mechanics
to handle these equations and interpret the solutions [63, 64, 65, 66]. Define the linear

differential operator = as follows:
1
e(r)

certainly, it is straightforward to show that this operator is linear and Hermitian. Conse-

(1>

H(r) =V x [ v x H(r)] ; (2.11)

quently, the eigenvalues are real, different eigenvalues have orthogonal eigenvectors, and

there are symmetries that can be utilized to solve the problem [9, 63, 65].

Given a photonic crystal with dielectric function e(r) with well-established boundary

conditions for the electromagnetic field, the problem can be described by
= H(r) = k*H(r) (2.12)

and one can find a set of spatial modes (solutions) that can compose every other solution
due to the linearity of the operator =. With this general formulation, the connection with
solid-state physics can be established to discuss the main topic of this thesis. In the next

sections, this subject will be discussed in more detail.

Despite the similarity with the quantum mechanical formalism, it is important to
emphasize fundamental differences in the treatment of photonic crystals. First, the goal is
to find the electromagnetic field, which is a vectorial quantity, in contrast with the scalar
wave function in quantum mechanics. Additionally, the problems in photonic crystals are
macroscopic and scalable, as the equations do not have a constant establishing the scale,
unlike in quantum mechanics where Planck’s constant A sets the scale. Furthermore, even
if e(r) is separable, the curl operator couples the spatial coordinates, making analytical

solutions with interesting phenomena for photonic crystals rare [9, 8.

2.3 Solid-State Physics and Bloch Waves

Symmetries are foundational to almost everything physicists do. When working
theoretically with dielectric structures found in photonic systems, both continuous and
discrete symmetries are always present. They influence profoundly the spatial profile of
the system’s modes (solutions) and the associated spectrum, resembling the results found
in the treatment of electronic systems with periodic potentials in quantum mechanics and

solid-state physics. Therefore, utilizing these symmetries and adopting terminology from
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solid-state physics is highly advantageous for understanding and describing a variety of

optical phenomena in these crystals.

Certainly, before dealing with the main results of this work, it is essential to
establish a degree of familiarity with the terminology that will be employed. Therefore,
this section aims to introduce and briefly discuss the key terms upon which subsequent
discussions will be based. This will be wield by talking about specific cases. One can read

their way through more profound discussions and proofs through the cited literature.

First of all, we will discuss the case of a system with a uniform dielectric function.
The permittivity is given by
e(r) =, (2.13)

represented by the uniform slab in the figure 2 (a). Thus, finding the harmonic modes

(solution) is straightforward and they are given by the set of equations

H(r,t) = Hpe*Te ! E(r,t) = Ege'kTe !

o , (2.14)
OZTEO OXk kH():O

in which Hg, Eq and the wave vector k are an orthogonal set. Besides, let’s discuss the

solutions. The dispersion relationship for this system is straightforward:
w? = ek? (2.15)

stabilishing k2 as a conserved quantity of the system associated with the continuous
symmetry of the dielectric function. Specifically, there is a invariance under a translantion
operation r — r + rg, where rq is any spatial vector. Consequently, this results only in a
phase change in the spatial mode upon translation [9, 1]. In another word, a continuous
symmetry in a direction implies a plane wave profile to the spatial mode in the specified

direction.

Another way to represent the dispersion relationship in equation 2.15 is by conside-
ring a band diagram. This diagram is defined by a plot that indicates the frequencies
of all modes allowed by the dispersion relation w(k) depending on some curve in the
wave vector k space. For example, consider some direction 3, then the wave vector can
be written as k = k| + k1, k| is in the S-direction and k, is perpendicular to it, as
represented in the figure 2 (b). Considering that kﬁ = (32, the dispersion relationship can
be expressed as 32 + k% = ew?. Subsequently, one can construct the band diagram of the
system in this particular direction, as shown in figure 2 (c). The possible frequencies, w, for
each spatial mode, distinguished by the propagation constant 3, are plotted as a function
of the propagation number, . The line w = Se~ /2 delineates the plane between the region
where delocalized modes (plane wave solutions) are possible and where they are not. The
region of the band diagram where 8 < we'/? represents solutions of the plane wave type,

2

possessing a finite value throughout space. Conversely, the region f > we'/? comprises
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Figure 2 — (a) Schematic representation of a uniform slab with dielectric function constant
in its bulk; (b) orthogonal set formed by the vectors found in the solution: the
electromagnetic field, Ho and Eg, and the wave vector k; and (c) band diagram
for a uniform dielectric if one plots the frequency w(k) in function of a specific
direction, depending in the module of its component.

solutions that are real exponentials, either growing indefinitely (unphysical solutions) or
decaying to zero (evanescent waves). Some of these solutions cannot be observed in nature

due to their exponential growth, breaking some conservation of energy principles.

When dealing with photonic crystals, one must consider their discrete translati-
onal symmetry. This symmetry is associated with the dielectric function, which is not
invariant under the translation of any vector ry, but remains invariant under translations

Ry along certain directions in multiples of fixed lengths, as depicted in figure 3 (a).

If Rg represents the vector needed to reach an equivalent point within the crystal,
the fixed length |Rg| = a is termed the lattice constant. Moreover, it’s evident that this
symmetry implies €(r) = ¢(r + NRy), where N can be any integer. One fact that is very
relevant in Spectral Analysis is that if one operator commutes with another, they share
the set of eigenvectors. That said, if there is translational symmetries, = commutes with

the translation operator T (R), that operates in any spatial function as follows:

T(R)f(r) = f(r+R), (2.16)

A

and, due to the invariance, one can show that 7(R)Z = Z7'(R) holds. Therefore, T and =
share eigenfunctions, and thus the spatial modes are eigenfunctions with plane waves as
eigenvalues in the direction of the translational symmetry. This is discussed in more detail

in any solid-state textbook [1, 2, 4] or photonic crystals textbook as well [7, 8, 9].

Consider a two-dimensional photonic crystal like the one presented in the figure

3 (a). The unit cell is a yz slab of dielectric material with width @ in the z direction,
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Ro unit cell n=1
band gap
n=2
. . _\/_
periodic structure
€(r) = e(r+Ry) band gap

c.|

2D lattice M band gap

EEEEN
T 111 A X
EEEEN
EEEEN n =4
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L’:z: Brillouin zone

Figure 3 — (a) Representation of a photonic crystal formed by dielectric slabs (in blue)
alternated with empty space filled. The unit cell of the structure is within
the transparent box and the real lattice vector is Rg; (b) band structure
for a periodic dielectric structure along one line of the k space; and (c) a
representation of a square lattice and its respective Brillouin zone with its the
irreducible part highlighted in blue, the triangle with vertices I'; X and M.

as illustrated. The lattice is formed by repeating this unit cell in the = direction with a
translation of Ry between each one. The lattice vectors for this discrete symmetry are
Ry = Nax, thus

T(R)ezkzx _ eikm(ochNa) (217)

_ eiNkwaeikwx7 (218)

from which it is possible to conclude that every mode with wave number k, + 27wm/a
has the same eigenvalue, forming a degenerated set of functions. The terms being added
to k, are all multiple of 27/a, then it is useful to define the reciprocal lattice vector
Q = 27 /ax that can be thought as the lattice vector for a lattice formed by wave vectors in
the k space. The linear combination of these eigenfunctions are in fact also eigenfunctions
of = and then the spatial modes, solutions of our problem, and a natural basis to describe

any system, can be written as a linear combination:

m=—0oQ

= ei(k””kzz)u(x, Y, k), (2.20)
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here, Hy, ;. (r) represents the spatial mode of the system at position r with a wave
vector in the xz plane given by k = k,Q, + £.Q.. It is straightforward to show that
u(z,y, k;) = u(x + Na,y, k) holds, indicating the periodicity in the z direction.

As mentioned, there is a degeneracy in the wave number, hence the frequencies are
also degenerated in the same way. If one considers only the non-redundant values of k,,
this wave number becomes bounded to the interval (—m/a, m/a]. This specific region of

the k space is called the first Brillouin zone.

Each mode has a specific wave vector k and is associated with an eigenfrequency
wn (k). The set of modes with all wave vectors in the first Brillouin zone is called a band.
The set of all bands is called band structure of the material, this one is exemplified in
the figure 3 (b). There are regions where there is no allowed spatial mode in the crystal,
regardless of the value of k. These regions are called photonic band gaps and waves
with the forbidden frequencies become evanescent in the medium [7, 8, 9]. The size of
the gap is influenced by the difference of values of the refractive index in the medium in

relation to the substrate.

This kind of solution, which takes this form due to periodicity in a certain direction,
is referred to as a Bloch mode in textbooks on photonics and solid-state physics. Its
one-dimensional counterpart is known as a Floquet mode or Floquet-Bloch mode. This
result is well-known as Bloch’s theorem. The physical interpretation of these Bloch modes
uy is that as eigenfunctions of the spatial part of the Maxwell equations, they don’t scatter

through propagation because k is a conserved quantity in the system.

The three-dimensional generalization of the example is as follows: considering a
nonuniform in the three dimensions periodic dielectric function, hence the lattice that
represents it is spanned by a linear combination of three primitive lattice vectors Ry, Ra

and Rgs. Every position of an element of the lattice is given by
R = NiR;1 + MRy + N3sRg (2.21)

considering N; integer, j = 1,2, 3. It is a consequence that there is also a set of primitive
reciprocal wave vectors that span the reciprocal lattice Qq, Q2 and Q3 and, in analogy
with the spatial space, the space of wave vectors also is spanned by them. The primitive
reciprocal and the direct lattice vectors obey the following relationship R; - Q; = 270;;;
here, 7,7 = 1,2, 3. The Bloch modes are distinguished by their own Bloch wave vector.

Each one can reside only in the first Brillouin zone and it’s written as

k =Fk1Q1 + k2Q2 + k3Qs, (2.22)

thus the eigenfunction of = with eigenfrequency w(k) is, by the Bloch’s theorem, given by

Hy (r) = e uy(r), (2.23)
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here, uk(r) is a periodic function with the same periodicity as the lattice, ux(r) = ux(r+R).
The band structure of the photonic crystal provides important information about the
optical properties of the material. For 2D and 3D materials, the first Brillouin zone can
take very convoluted shapes depending on the topography of the real lattice [1, 2, 3], and
it is common to plot the band diagram for lines at the boundaries of the first Brillouin
zone in the reciprocal lattice. Figure 3 (c), displaying a schematic representation of a
square real lattice and the reciprocal lattice. The irreducible Brillouin zone forms a
triangle with I, X, and M as vertices. Like the unit cell, the remaining reciprocal lattice

is formed by copies of it.

Before the conclusion of this section, one can ask in which direction the Bloch
wave propagates. It is known that k give this information in homogeneous and isotropic
medium, but that is not the case for periodic medium: the velocity in which the energy

propagates depends on k and on the band by the following expression
Vi (k) := Viwy, (2.24)

here, Vi means that the derivative is with respect to the components of the Bloch wave
vector k. Thus, the spatial mode u,(r, k) has the group velocity v, (k). One can retrieve
a more in-depth discussion from the influence of group velocity on the propagation of

these modes and waves from several sources [58, 67].

Now that the fundamental concepts and definitions to deal with photonic crystals
have been contemplated, the objective of the last section of this chapter is to present an
approximation that will set the stage for the scenario in which the results will be derived,

given the complexity of solving Maxwell’s equations.

2.4 Paraxial Wave Equation Approximation

A light beam can be thought of as a directional projection of light. It is interesting
for many applications that these beams maintain their localization, i.e., remaining spatially
confined through propagation, ignoring totally or partially the diffraction of the medium
that causes spreading during the propagation. A beam of this kind can be labeled paraxial
if the lines normal to the wavefront make small angles with the propagation axis [7, 59]. In
the study of optical beams, one regularly resorts to a scalar study of the light, considering
all the aspects of the wave propagation, but ignoring the vectorial one [7, 68]. This usually
takes into account the solutions of the Helmholtz equation, which can overlap with another
field of Optics that is also concerned with the propagation of light, the Fourier Optics [7,
59, 69].

Solving the problem using the set of differential equations exhibited in the equation

2.8 can be an exhausting task, and not always is it a path worth taking. There is interesting
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physics to investigate making a smart use of approximations, considering the studied
system, and discarding particularities that could make the problem difficult to solve. Here,
the common choice to solve this problem is to consider the divergent equation for the
electric field E present in the equation 2.7 and the generalized eigenvalue problem for the

same field in the equation 2.8. From the first, one can find the relationship:

0=V -[e(r)E(r)] (2.25)
=¢(r)V - E(r) + Ve(r) - E(r) (2.26)
2.V -E(r) = —E(r) - V (loge(r)) (2.27)

and, from the generalized eigenvalue problem, making use of the identity V x V x E(r) =
V(V -E(r)) — VZE(r) and the equation 2.27,

E’e(r)E(r) = V x V x E(r) (2.28)
=V(V-E(r)) — V2E(r) (2.29)

= —V[E(r) - V (loge(r))] — VZE(r) (2.30)

S V’E+k*¢E = -VI[E-V (loge)], (2.31)

and it is worth keeping in mind that the spatial dependence will be omitted every time
that it can enhance the clarity of the equations. The right side is responsible for the
coupling between the different spatial components of the electric field. In problems of
beam propagation, one is considerably more interested in the propagation of such beam
in one particular direction considering a very small deviation from this. Henceforth, this
particular direction will be the z-direction and the wave will be thought as a carrier plane
wave €%? with large spatial frequency ¢ in the propagation direction modulated by a

complex envelope A = A(r) that must be a slowly varying in the z direction [7, 68]:
E(r) = A(r)e’, (2.32)

and it will be very useful to decompose the gradient operator V in the transversal gradient

operator plus a perpendicular term to apply the assumptions taken in the future steps:

0
= —. 2.
\Y VJ_—FZ(?Z ( 33)

then, applying this operator in the equation 2.27 assuming that the electric field behaves

as in the equation 2.32, one obtain
V3 A +PA + (Ke — E)A +2i€0.A = —V[A -V (loge)] —i€A -V (loge), (2.34)

in which there are terms that can be neglected considering the assumptions made. As
the vector function A(r) must vary slowly in z, its derivatives are small compared to the

transverse ones, so one can neglect the second derivative in the propagation direction 9*A.
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The first derivative cannot be ignored due to the spatial frequency & multiplying it. Then,

the expression becomes

V3A + (e — E)A +2i€0,A = =V [A -V (loge)] —i€A - V (loge) . (2.35)

If the dielectric permittivity e(r) has a smooth derivative, one can neglect the term
V log e [68], then the components of A are decoupled and thus the propagating wave will
not carry any information about the polarization. If the medium changes the polarization
of the propagating wave, it cannot be described in large distances by this approximation,

because errors will accumulate. Thus,
V3 A + (ke — A +2i€0.A =0 (2.36)

and, as the polarization will not change through propagation, one can take the component
of A
A(r)=U(r)a (2.37)

and reduce the problem to a scalar one. Additionally, if one takes £ = k considering the

one equivalent to the one found in the homogeneous solution, the equation becomes
V32U (r) + An?(r)U(r) + 2ki0.U(r) = 0 (2.38)

that is the usual paraxial wave equation approximation. As we know from wave physics
and quantum mechanics, the term V2 describes the diffraction effects, and the one with
An?(r) = n?*(r) — 1 = € — 1 describes scattering and refraction. Of course, here the
similarity with the non-relativistic quantum mechanics is very clear: the difference between
the refractive index of the material and the vacuum gives us the potential and 2k is the
energy of the system. As mentioned before, k is indeed a conserved quantity and here this
holds. There are fundamental differences: there are only two spatial components in the one
that would be the laplacian operator and the role of the time is given to the propagation

direction’s coordinate.

The techniques utilized to solve problems of quantum mechanics can be applied in
equation 2.38 to solve for optical systems and one can discuss in optics condensed matter
analogs [13]. For instance, the formalism presented in the previous section can be utilized
to derive Bloch modes for the paraxial wave equation and then one can discuss the results

for a particular initial optical beam utilizing the terminology of solid-state physics.
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3 Statistical Optics

The chosen approach in this thesis to solve optical problems aims to embrace a
more realistic scenario by acknowledging that all light sources are inherently stochastic.
This stochastic nature arises from the general uncertainty and fluctuations present in the
light source, the medium through which it propagates, and the measurement device. To
properly account for these occurrences, it is essential to describe light within a statistical
framework [7, 15, 59, 70, 71], which gives rise to the optical concept of coherence. In
particular, when considering applications such as imaging [72], tomography [73, 74], beam
propagation [75], information storage [76], and many others [77], it becomes evident that
a statistical framework is crucial. Therefore, taking spatial coherence into account when

dealing with light propagating in periodic structures is imperative for achieving our goals.

In this chapter, the reader will be presented with basic concepts of statistical optics.
First of all, a digression about scalar wave optics will be made and basic concepts of the
theory will be presented, such as the definition of spatial coherence and time coherence.
Every step is made using analytical signals (see Appendix A). Major quantities of the
theory will be presented like the spectral density function and the cross spectral density

function, all in the context of the second-order stochastic theory of light.

3.1 Stochastic Nature of Light

Statistical optics is the branch of optics that considers the stochastic properties of
light. Absolutely all electromagnetic wave found in nature has fluctuations, even though
one can not observe them directly. This intrinsic stochastic behavior can only be observed
when one pays attention to the light in two or more space-time points (r, ct) due to how
fast they occur [15, 70]. One can ask where these fluctuations come from and it will be an
excellent inquiring because almost all encounters with Optics take place in a deterministic
framework in basic physics courses. The answer lies in the source and in the medium in
which the light propagates: even when several light waves within a light beam come from
the same source, they can be pretty different in the very instant they leave the source [16].
For example, light irradiated by a hot object is random and is formed by an Avogrado
number of atoms emitting light independently, causing differences in frequencies and phases.
If one considers the medium, one must consider all the scattering, diffuse transmission,
turbulence, and other phenomena that create irregularities in the wavefront. You can not
escape from these field fluctuations in the real world. As in the last chapter, the discussion

presented here will take into account the optical region of the electromagnetic spectrum.

The common description of light is one where everything related to it is deterministic
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Figure 4 — Schematic representation of the fact that natural light is composed by a sum
of a large number of light waves, represented by the signals U;, 7 = 1,2, ...,
fluctuating as the time goes by.

The image was taken by the author and cherished friends during the solar
eclipse of 2023 in Maceid, Alagoas.

or coherent. If one is interested in natural light, one considers completely incoherent or
completely random description. These extreme limits are the easiest way to deal with some
physical systems analytically, of course. The general case lies in the partial coherence
regime, which constitutes the "in-between"[7, 59]. But how one can describe light? One
usually recurs into averages and statistics. Natural light, for example, is composed of a
large number of individual light waves with different phases, frequencies, and polarizations.
A scalar representation of this random characteristic of this kind of light is depicted in the
figure 4, where the light of a solar eclipse is decomposed in a sum of several wave functions
U;(t). One must stabilize a cohesive way to treat these optical fields taking into account
the stochasticity of the light.

First, each optical field U(t) can be thought of as a random process. As a random
process, a specific form of it is called a sample or realization. For simplicity, the discussion
will consider only its dependence on time, but the spatial dependence is not hard to
include. A beam of light is formed by a large number of realizations of this optical field,

thus every physical quantity will be an average of them. The set of all countable possible
samples of this field is known as the ensemble of U(t): {Ui(t), Us(t), Us(t), ..., U;(%), ...}
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Figure 5 — Examples of the intensity of a realization of an optical field |U;(¢)|* and its

mean intensity (|U(¢)]?) for a (a) stationary process and a (b) non stationary
process. Inspired by the figure 12.1-1 from [7].

An ensemble average of this optical field is defined by the following expression

{Ut)) = ngﬂgo;Uj(t)’ (3.1)

and the generalization for physical quantities that can be written as functions of the

optical field like the field intensity can be written straightforwardly.

Besides, it will be shown in the next sections that several quantities important
to the field of statistical optics depend on correlation functions, that explain various
phenomena and are the usual way to verify experimentally how the theory and results
predicted by statistical optics hold in reality [7, 16, 59]. The correlation function I'(¢1,?2)

of the optical field U(t) in two different instants is written as
Lt t2) = U (0)U (1)), (3:2)

also known as the autocorrelation function. It is clear that one can compute correlations
of higher orders with respect to other variables. Examplifying, (U(t)) is a first order mean

value and (U*(t1)U(t2)) is a second order correlation.

An infinite variety of random processes can be considered, but only a few have
physical significance: the stationary ones [16]. But what does one mean by stationary?
An optical field has realizations U;(¢) that can fluctuate continually in time, but if these
fluctuations have a character that does not change with time, i.e., the probability densities
associated with the random process remain the same, they’re referred to as a statistically

stationary process and the mean values does not change with time (see figure 5 (a)).
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This condition is strong and thus this classification is also called stationary in the strictly
sense stationary process. If the mean value (U(t)) is independent of ¢ and the correlation
['(t1,t2) depends on ty — ¢y, the process is called stationary in the wide sense. If none of
these conditions are met, the process is called nonstationary (see figure 5 (b)). A more
profound discussion and elucidation can be found in some statistical optics textbooks [15,

16]. Considering a stationary optical field, one can define a time average of a realization:

t+T/2 y
Ui = Jim / o . (3.3)

In practice, one single realization of the ensemble U;(t) carries the statistical
information about the whole stationary process [15]. Usually, one can safely assume the
ergodic hypothesis: the time average of one realization W is equivalent to the ensemble
average (U(t)).

With these brief introductions to some important concepts and intuitive knowledge
about statistical optics, one is prepared to understand how correlations reign upon optical
fields and how concepts like coherence arise from them [15, 59]. For this, the next section

will discuss coherence through the lenses of interference effects.

3.2 Coherence, Correlation and the Interference Pattern

The previous mentions of the term coherence did not carry out the physical meaning
of this concept. Here, coherence is a quantity that translates the ability of one to observe
(or not) interference of waves. Usually, this concept is associated with the visibility or

contrast measured from interference patterns [78].

Coherence is intrinsically related to correlations and it is usually divided into two
categories: spatial coherence and temporal coherence. These two classes of coherence are
faces of the same coin, showing the impact of the stochasticity of the light. To discuss
this classification and understand the connection between coherence and correlation,
the traditional way is two systems that present interference of light: the Michelson

interferometer and the Young’s double slit experiment.

With the Michelson interferometer (see figure 6) the goal is to elucidate the temporal
coherence of light. Hence, consider a light beam from a sufficiently small source o that
does not fluctuate in a macroscopic time scale. The assumption of a small source is picked
to ignore some spatial coherence effects, as one will see in the next example. Also, assume
a quasi-monochromatic so its bandwidth dv is very small if compared with the mean
frequency 1. Follow the image in the figure 6 to understand the experiment: the beam
propagates until it is divided into two different beams by the beam divider D: one branch
makes a path of distance d; and the other branch a distance of ds; thus, when they reflect

in the mirrors M; and M, and join together again in the beam divider D, one deal with a
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Figure 6 — Representation of the Michelson interferometer experiment: o is the light source;
U is the incident optical field; M; is a mirror, j = 1,2; D is the beam divider;
and A is the plane of observation. Inspired by the figure 12.2-2 from [7] and
figure 4.1 from [15].

beam composed of two different beams with path difference Al = 2|dy — d;| = cAt. As
expected, if Al is small enough, interference fringes appear in the plane of observation A
[15].

The rise of the interference pattern is conditioned to the time delay At by one
beam submitted in relation to another. This phenomenon can be understood as follows: the
interference pattern in A arises from the superposition of the spatial profile of light, each
one with a frequency from the spectrum. Of course, spatial profiles with different frequencies
have different spatial periodicities. Consequently, if one takes from a coherent standpoint
where the interference pattern appears and begins to increase At, the interference pattern
will become less and less well defined in A: the contributions of each frequency of the
spectrum will get out of step in relation to the others, forming an incoherent beam of light.
One representation of this is given by the intensity spatial profile on the right side of the
figure 6.

In fact, it is an experimental fact that the fringes will appear only if AtAr < 1.
Hence, one can find an order for the time delay At ~ 1/Av and take this as the coherence
time of the light. This is a manifestation of temporal coherence, arising from the finite
bandwidth of the source [59].

One may ask the following question: how coherence is related to correlations in this
case? To answer this, consider an optical field U(t) in a point of the plane of observation
A. As this point is fixed, omitting the spatial dependence of the field will cause no harm.
This field is a stochastic process composed of other two stochastic processes U = Uy + Uy,
U;(t) refers to the optical field coming from the beam of the jth branch, j = 1,2. As

discussed, there is a time delay between these fields, so a realization of the optical field in
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the observation plane is given by:
U(t) = Up(t) + Us(t + At), (3.4)

so one can easily compute the measured quantity in the plane of observation. Of course,

this corresponds to a mean intensity of the field realizations I(t) = (JU(¢)|?):

I(t) = ([U)?) (3.5)
= (U (W)U (t)) (3.6)

= ([(UF (1) + U3 (1) - [U1(t) + Ua(t)) (3.7)

= ([:(®)2) + ([U2(1)[*) + 2Re {{U} () Ua (1))}, (3.8)

hence, the intensity measured is equal to the intensity of each beam as if the other did not
exist plus a term that depends on the correlation between the fields. One can utilize the

concepts mentioned in the last section to rewrite this expression:
I(t) =T1(t, t) + Ta(At, At) + 2Re [[1a(t, t + At)] (3.9)

and if the optical field is a stationary process in the wide sense, assuming that the mean
intensity of each beam is the same for simplicity I'y(¢,t) = I'y(At, At) = T'(0) = Iy, one
obtains

1(t) = T(0) l1 + 2Re 1“((A()§>] | (3.10)

that reinforces the discussion: interference fringes will appear if the correlation of the field
allows it [79]. One important quantity can be defined from this expression, the complex

coherence degree:

(At)
T(0) ’

giving a quantitative metric to how correlated these fields are, therefore also giving

V(AL) = (3.11)

information about how coherent this light is. The absolute value of this function is
bounded: 0 < |y(At)| < 1. The limit v — 0 means that the fields are not correlated at
all, thus the light is incoherent; the limit v — 1 means that the fields are completely
correlated, so the light is coherent. The intermediary region implies that the fields are
partially correlated, so the light is partially coherent. This allows one to take a glimpse

into how correlation is coherence [15, 79).

On the other side, there is the spatial coherence and Young’s double-slit interference
experiment. Consider again a quasi-monochromatic light from a thermal source o with a
considerable spatial extent As. The light propagates through a distance R until it includes
in two pinholes S, 7 = 1, 2, separated from each other in a distance d. The pinholes act like
secondary sources and the light resulting from the superposition of the light coming from
each one is measured in the plane of observation A. As d decreases, the interference pattern

becomes more and more visible in A. Experimentally results show that the interference
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Figure 7 — Representation of the Young’s double slit experiment: ¢ is the thermal light
source; As is the spatial extent of the source;R is the distance between the
source and the double slit plane; S; are the slits and also the point sources for
the secondary wave, j = 1,2; d is the distance between the slits; A is the plane
of observation; P; is any point in the plane A, j = 1,2; U; is the optical field
reaching P from the jth slit, j = 1,2; U] is the optical field reaching P, from
the jth slit, 7 = 1,2. Inspired by the figures 4.2 and 4.3 from [15].

pattern will appear only if §0ds < \g = ¢/14. The area in the plane of the slit in which the
pinholes can be positioned and one can observe the interference pattern is called coherence
area and is given by AA ~ (Rd6)? [15].

One may ask: how does an interference pattern arise if one of the assumptions of
the system is that there is a thermal light? The reasoning for this doubt is that light from
different points of the source is independent of others, thus no fixed phase relationship
between the different points of the beam can be stabilized. How can correlations arise and

enable the interference pattern?

Consider 57 and 55 like the secondary light sources they are: thus, it is straight-
forward to assume that these sources are also quasi-monochromatic and there are no
correlations between the light fields emitted by them. Though it may be true, the dis-
turbances in two different points of A and fluctuations suffered by these emitted fields
are very similar when they propagate. In the point P;, one will measure the intensity of
the superposition U; 4+ U, while in the point P, U7 + Uj will contribute to the intensity
pattern measured in A. Considering that the distance of the path propagated by each
optical field is small in comparison to the coherence length, the individual fields will not
have a correlation, but the sum of them will. Furthermore, these correlations are generated
through propagation and superposition [15, 59, 79]. The spatial coherence here arises

from the finite spatial extent of the light source [59].
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Aiming to see the correlations in the field arise from a mathematical description
of the system, some quantities must be defined. First, take a point P in the plane of
observation A. The distance between the jth pinhole and this point is r; = S; P, then the
time interval taken by the optical field to reach P from S; is At; = r;/c, thus the optical
field U(t) in P is:

U(t) = K1Ui(t — t1) + KUs(t — to), (3.12)

in which Kj, 7 = 1,2, is an imaginary number that arises when one solves the Fresnel’s

diffraction integral [7, 78, 79]. Hence, the intensity measured in P is given by

1) = (U (o)) (313)
= (U ()U(1)) (3.14)
= (KU (t —t1) + KU (t — to)] - [KQUL(t — t1) + KoUs(t — t2)]) (3.15)
= |Ky|? <|U1(t - tl)\2> + | K[ <|U1(t - t2)|2> (3.16)
+ 2| Ky || K| Re {(Us (t — t1)Us(t — t2))}, (3.17)
from which one can write using the optical fields correlations,
I(t) = I + Iy + 2y/ 1 I;Re [y12(ts — t1)] , (3.18)

in which one considered the following substitutions: I; = |K;|? (|U;(t — t;)|?), j = 1,2, and

one utilized the definition of the complex degree of coherence:

[ia(ty — t1)
VT1(0)T5(0)

where the index in the cross-correlation function I'y, indicates that it considers the

Yi2(At) = (3.19)

correlations coming from two different points and, of course, the wide sense stationary
condition was considered. Again, the interference pattern is contained in the term where
the coherence has a role and the coherence between two points of the optical field became
relevant. In the next section, the general theoretical framework to deal with these systems

will be established and one can make the connection with our current rudimental approach.

3.3 Second Order Theory of Scalar Random Light

In the previous section, one was concerned with stationary fields. Furthermore,
an assumption utilized was that these fields are ergodic, then the ensemble averages and
the time averages are and stay the same. The optical field was commonly treated as an
analytical signal (see appendix A). This section will stabilize the second-order scalar theory

of random light, it is the framework utilized in the remaining chapters of this thesis.

The fundamental quantity of the previous examples and of the theory of optical

coherence is the mutual correlation function I'(ry, o, 7) [15], that carries the correlation
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between two analytical signals in two different positions with the time difference 7 between
them:
['(ry,re,7) := (U (r1,t)U(re, t + 7)) (3.20)

that is not a bounded function; it is useful to normalize this function by defining another

quantity, the complex degree of coherence of the light in two points r; and rs:

F(rb Iy, 7-)
[F(rb Iy, O)F(r27 ro, 0)]1/2’

7(1'1’1‘277-) = (3.21)

that by the properties of stationary random processes [15, 16, 71], satisfies the inequality:
0 <|y(ry,re,7)] <1 (3.22)

and the limits, as discussed, determine in which regime the system is: coherent, partially
coherent, or incoherent. All these quantities depend on the time, but it is useful for many
applications and also for measurements to treat these correlations in the space-frequency
domain. As these quantities depend on two random processes at two different points, it is

said that this theory is of second order.

Consider an analytic signal U(r,t) representing an ergodic and stationary (at least

in the wide sense) optical field fluctuating at (r,t). This function can be thought of as a
Fourier integral:

Ulr,t) = /0 T (e, v)e 2 d, (3.23)

with U(r,v) being its Fourier transform with dependence on the frequency v instead
of time ¢: this can be useful if one is interested in investigating the spectrum of the
system. Additionally, optical waves vary very rapidly, so it is really more experimentally
approachable to think about the frequency in the measurements. Thus, considering the
ensemble of the analytical signal in the frequency domain, one can define the cross-

spectral density function of these fluctuations:

W(ry,ra,v) = (0" (r1, 1)U (r2,v) ), (3.24)
that is interpreted as a measure of the correlation between two points in the optical field
fluctuations with dependence on a frequency of the spectrum. If one considers the Wiener-
Khintchine theorem [15, 16, 70], the mutual coherence function and the cross-spectral

density function form a pair of Fourier transform, thus satisfying the definition of analytical

signals:
[(ry,ro,7) :/ W (ry,re,v)e ™ du, (3.25)
0
Wi(ry,re,v) :/ [(ry, v, )™ dr. (3.26)

The cross-spectral density gives us all the information about the correlation to

every pair of points of the space. One experimentally important quantity is retrieved if
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Figure 8 — Free representation of the spectral density as a function of wavelength at three
positions in a color image. Adapted from figure 10.1-4 of [7]. In the image,
the official album cover for the 2021 album ’If I could Make It Go Quiet’ by
Norwegian musician Girl in Red is utilized to illustrate how the spectral density
translates to the perceived color.

one considers r; = ry = r, this density function depends on only one position of the space

and the resulting function is the spectral density of light:
S(r,v) = W(r,rv) (3.27)
= (|U(x,»)]?), (3.28)

that represents the power per unit area of light in the position r for the frequency v of the
spectrum [7]. Figure 8 shows an illustration in which one can observe how the average

power per unit area from S(v) in a specific position translates to a perceived color.

There are properties that can be mentioned about the cross-spectral density function
and the spectral density. First, the spectral density is strictly positive S(r,r) and also
composes a Fourier pair with the the autocorrelation function, this being is a direct

consequence of the equations 3.25 and 3.26:

[(r,r,7) = /oo S(r,v)e ™7 du, (3.29)
0
S(r,v) = /Oo [(r,r,v)e*™7 dr. (3.30)

Furthermore, one can normalize the cross-spectral density as in the mutual correla-

tion and define the spectral degree of coherence at frequency v:
_ W(ry,ra,v)
[S (s, )2 [S (2, )]

and, as before [15, 71, 16], satisfies the inequality:

p(ry, o, v) (3.31)

0 < |u(ry,re,v)| <1, (3.32)
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but, differing from the other quantities, i and v do not make a Fourier pair.

With these concepts established, one can utilize the theory of coherence to study
physical systems considering the statistical nature of light. Further discussion about the
historic development of the field can be found in optics textbooks [7, 59, 78], and more
mathematical descriptions and proofs of all results exposed here can be found in statistical
optics textbooks [15, 16, 70, 71, 79].
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4 Spatial Coherence of Light in Periodic Lat-

tices

In this chapter, we will employ the concepts presented in the previous chapter to
construct a model describing light in periodic media while considering its spatial coherence
effects. Initially, we will explore the fundamental concepts of our theory: we will introduce
the system under study and establish a subtle connection with well-known concepts and
methods from solid-state physics. We will also study a specific case involving deterministic
light for comparative purposes. Subsequently, we will investigate the stochastic case by

using our framework to explore the physics of the system.

4.1 General Discussion

Let us consider a 2D material system with a refractive index that is periodic in
the transverse direction x and constant in the propagation direction z. Our issue involves
propagation, and therefore, we will assume that everything occurs within the bulk of the
material, as if it fills the entire xz-plane. As discussed in chapter 2, the information about
the change in the refractive index concerning a base value nq is provided by the lattice
potential V (z), which governs the matter-light interaction in the system. As previously

described, the lattice potential V' satisfies:
V(z) =V(z+a), (4.1)

here, a represents the lattice constant. Since the periodicity is one-dimensional, our lattice-
related quantities will also be 1D. Our primary objective in achieving the chapter’s goal is
to analyze the propagation of a light beam, represented by an analytical signal, through
this periodic lattice. This beam’s profile at z = 0 is denoted as U(x, z = 0) = Up(x). To
begin, we need to establish an approach for propagation of the signal U(z, z) within the
lattice. To do so, we will utilize the framework derived from the wave equation in the

paraxial approximation:
i0,U (v, z) + 02U (z, 2) + V(2)U(x, 2) = 0, (4.2)

that closely resembles Schrodinger’s equation, enabling us to employ similar solution
methods used in optical systems. In figure 9, a schematic representation for the system is
displayed, exhibiting one particular case for the real and imaginary part of Uy in z = 0, a
gaussian beam times a plane wave, and a 1D harmonic periodic lattice, a cosine squared

profile.
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Figure 9 — (a) Schematic representation of the optical system, featuring the analytical
signal profile Uy(z) = Uy exp[—a?/0?]e®. Additionally, there’s a purple paral-
lelepiped oriented perpendicular to the transverse direction x, symbolizing a
waveguide. Each waveguide has a specific refractive index for each x value,
giving rise to the lattice potential V(x). (b) When considering the continu-
ous limit, the lattice potential describing the photonic crystal is depicted as
V(z) = Acos*(x).

During the study of photonic systems, our initial focus is on identifying the spatial
modes of the system and its band structure. These modes exhibit a unique property
within the periodic media of the system: they resist diffraction or spreading out during
propagation. Given that the lattice potential remains independent of the propagation
direction, z, we can separate the x-dependence from the z-dependence. Consider a solution
Un(z,z) to equation 4.2:

Up(z,2) = up(z, k)ePr®)2, (4.3)

Here, k denotes the wavenumber, and f3,,(k) represents the propagation number associated
with the nth eigenfunction w,(z, k). Through this substitution, our paraxial wave equation
transforms into an eigenvalue problem. This transformation prompts a discussion of
the parallels between non-relativistic quantum mechanics and optical systems under the
paraxial approximation. This comparison allows us to do a deep dive into the physics

underlying light propagation using insights from quantum mechanics.

D2u, (2, k) + V(2)un (2, k) = Bu(k)un(z, k). (4.4)

It is essential to note, however, that while we draw from quantum mechanics’
findings, we must consider that light operates under distinct constraints compared to
electrons. Specifically, in quantum theory of solid state physics, a fundamental aspect of
the study of periodic systems involves computing the energy levels and wave functions of
electrons using the Bloch theory. Henceforth, we will draw upon this theoretical framework

and its results to enhance our understanding of the physics governing our optical system.
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From Bloch’s theorem, we know that V(x) being a periodic function, the solution
of the eigenvalue equation is the product between a periodic function v, (z, k) — with the
ikx

same periodicity of the potential [1, 4] — and a plane wave e with k being its respective

Bloch wavenumber:
Un (2, k) = v,(z, ke, (4.5)

which can lead us to the following equation:

D2v, (2, k) + 2ikDyvy, (2, k) + [V (2) — K*vn(z, k) = Bu(k)va(z, k). (4.6)

In the study of photonic lattices, the central task typically revolves around the
band structure and finding the allowable frequencies w(k) within the material. Frequencies
lying outside the allowed zones of the band structure tend to be evanescent waves in the
medium. It is important to underscore that our attention is directed not towards temporal
frequencies associated with the wave’s temporal aspect, but rather towards the propagation
number connected to the spatial characteristics of light. Consequently, the band structure

in the following discussion focuses specifically to this spatial aspect of light.

Several methods exist for solving equations 4.2, 4.4, and 4.6 [9, 80, 81, 82]. Our
selected method involves employing the plane wave expansion technique. This choice is
driven by the Fourier series expansion of both v, (z, k) and V(z) due to their periodicity.

Considering a as the lattice constant,

1 - Zimm g, 1 m 1Ko
vn(z, k) = Nor Y. (ke e = Ezbn (k)etme, (4.7)

m=—00

noting that K, = 2mm/a is the reciprocal lattice number. Let us take a moment for a
digression: b (k) serves as a Fourier expansion coefficient reliant on the Bloch wavenumber,
k, and the reciprocal lattice number K,,. Hence, an alternate representation for this
coefficient, observed in certain literature, is as b,(k + K,,). This format is frequently
utilized across a variety of literary sources. For the lattice potential, we do the same

procedure:

V()= 3 Ve 0 = 3 ehne, (4.8)

m=—0oQ m

Upon substituting equations 4.7 and 4.8 into 4.6, we arrive at the subsequent linear

system governing the coefficients b"'(k) for each Bloch wavenumber, k:
(B + BB (R) + S Vb (k) = Bu(R)B(R), (4.9)
p

with one equation for each value of m, the problem is an eigenvalue problem. To guarantee

a good visualization to the reader, we can express it in a matrix form. The matrix A =
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A(F) for the Fourier coefficients is structured as follows:

Vo—(k=K_)* V., Vg

Alk) = |... Vi Vo — k? V., " . (4.10)

Vs Vi Vo—(k+Kp)?

L : : : AV
This square matrix has dimensions M x M, where M signifies the number of terms
considered in the plane wave expansion for the Floquet-Bloch modes. It is worth noting

that as we truncate the series, we assume that M will always be an odd number. If b is

the column vector formed by the coefficients of the Fourier expansion, we have

b(k) = | 09 (k) (4.11)
)

and our problem is essentially to find the eigenvectors and eigenvalues of the operator

~

A(k). We can rewrite the problem as
A(R)b(k) = B (R)b(K) (4.12)

and the outcome of this process yields the N Fourier coefficients for the desired Floquet-
Bloch solutions, along with their respective propagation numbers. Accomplishing this task
is straightforward with matrix diagonalization algorithms. Specifically, we employed the
LinearAlgebra package in Julia for this purpose. Then, by using equations 4.7 and 4.5, we
construct the basis necessary for solving any initial value problem. First, let us discuss

some properties of the band structure.

Analogous to their role in a homogeneous medium, the Floquet-Bloch modes assume
a position akin to plane waves, wherein each beam can be envisioned as a composite
assembly of several plane waves. These modes distinctly bear the lattice structure’s
fingerprint. Like the temporal counterpart, they remain inert until stimulated by an

incident wave, and its propagation is entirely dictated by the band structure.

We can analyze the band structure by using the symmetry of our potential (see
equation 4.1). Initially, let us explore the band diagram: the potential exhibits translational
discrete symmetry, thus one know that the band structure presents a discrete number
of bands. Figure 10 showcases the first five bands for the potential represented by the
expansion 4.8 for the potential V(z) = A cos?, given by:

A

A A
_A e A A 41
Via) = e 4 5+ e, (4.13)
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Figure 10 — Band structure of a V(z) = Acos’z, A = 4. (a) Band diagram showing
the propagation constant f3,(k) versus Bloch wave vector k for the first five
bands. In the right, the intensity of the Floquet-Bloch function |u,(x, k)|? is
displayed for z in an unit cell [—a/2,a/2] and for k in the first Brillouin zone
[—7/a,m/a] for the bands (b) n = 1 and n = 2 in the xk-plane, and (c) fixed
values of (n, k), specifically (1,0.0), (2,1.0), and (3,0.0).

In this case, only the terms with m = 0, &1 are non-zero. The band structure for A = 4
displays two band gaps between the first three bands and a semi-infinite one above the
first band. Alongside the band structure, the intensity distributions of the first and second
Floquet-Bloch solutions are displayed in the zk plane and the transverse x direction,
considering fixed values for k. Here, z represents the unit cell while % is confined within
the first Brillouin zone. This presentation effectively showcases the periodic nature of these

modes in both the k£ and x directions, as expected.

Any analytical signal propagating in this periodic media can be written as the

following general solution for the equation 4.2:

w/a

Uz, 2) Z/ k)up (v, k)eP Rz g, (4.14)

7r/a

i.e., a superposition of Floquet-Bloch modes considering the entire band structure. These
solutions satisfy an orthogonal condition concerning k£ and x. This condition can be
proved in both the continuous and discrete cases, the last offering significant utility in

addressing computational challenges associated with these modes. For details of derivation
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see appendix B. The orthogonality relationship is given by

/ ur (2, k)t (z, q)dx = 6pmd (k — q). (4.15)
Combining the equation 4.15 with the general solution displayed in equation 4.14

inz=0,
U(z,0) Z / k), k) b, (4.16)

the participation coefficients ¢, (k) that carries the contribution of each Floquet-Bloch
function for each mode k£ within the first Brillouin zone in the initial beam. Multiplying
both sides by u}, (z,q) and integrating in the entire = direction,

cn(k) = / i (2, k) Us(z) da. (4.17)
Thus, we have all the information necessary to describe the propagation of any given
beam in our system. Moreover, we can make use of a conserved quantity (in real systems)
through the Parserval’s identity [45], with each term quantifying the total contribution to

the beam from each band:
P=3 [ leath) dk=>p (4.18)
n=1 B.Z. n=1

that is also valuable in determining in which n to truncate the band sum depending on
the model’s parameters for the computational treatment of the system. In the following
section, the theory developed thus far is used to stabilish a baseline for comparison with

the stochastic discussion that will be presented in subsequent sections.

4.2 Deterministic Case: Gaussian Source

Let us apply the theory to the deterministic case involving a Gaussian source.
Among various common source types like Hermite-Gaussian, Laguerre-Gaussian and even
Bessel beams that could be implemented (if one take into account this theory for (2+1)D),
the Gaussian beams holds a prominent position in beam optics; also, choosing this as our
fully coherent source allows for a straightforward comparison with the Gaussian-Schell
source to be presented in the stochastic description of the problem. We will describe the
initial optical field Uy(z) as

Up(z) = Uge 127" 714", (4.19)

representing a gaussian intensity distribution around z = 0 and width of v/20 with complex

exponential carrying a transverse momentum ¢. Here, U, denotes the field amplitude.

The band structure governs the propagation of a beam within the periodic lattice.

One advantage of using the Floquet-Bloch framework is to get some physical insight about
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the system through its particularities. Hence, it is relevant to know which modes are
excited as the beam travels through the lattice. This computation can be done using

equation 4.17:

en(k) = /_ Z uE (2, ) Us (@) da

© o= RN iemime | ige—a?/20

:/ Z n e~ i(2m :E'erzqmem/o dr
—0 =0 vV 27T
= 4.20
Yo Z [bm(k)]*e*@m%*@?ﬂ/? /Oo dz e /%" 420
V2T m=—00 " -0

— oty 3 (k) e eme

m=—0o0

where the integral in the second line was solved by completing the square to obtain
[z +i(2m + k — q)o?]?, taking the substitution z = 2’ + i(2m + k — ¢)o? and writing the
result for a simple Gaussian integral. Note that, for a gaussian beam, the participation
coefficient can be viewed as a weighted arithmetic mean value for Gaussian functions of

*

k centered in k = ¢ — 2m with the weight being the functions [b(k)]*, varying across
the first Brillouin zone. For the parameters values of interest (n, A, k), b*(k) are nonzero
for few values for m; then it is useful to truncate the series in a specific value M, so the

computations can be more efficient.

We will investigate the behavior of the participation coefficient using equation
4.20 with Gaussian sources characterized by variable parameters, mainly the transverse
momentum, being related to the angle of excitation and controls diffraction properties of the
incident beam [57]. Hence, let us examine the terms derived from Parseval’s identity across
different lattice potential amplitudes A and the transverse momentums ¢. Afterwards, we
will discuss details concerning the deterministic propagation of the Gaussian beam in the

periodic lattice.

In figure 11, we display the shallow-lattice regime, where the lattice potential
amplitude satisfies the condition A < 1. The figure exhibits the first two non-zero partici-
pation coefficients (normalized by oUp) for Gaussian waves with transverse momentum
values ¢ = 0.0, —0.5 and —1.0. In this scenario, the lattice’s influence on the beam is
weak, resulting in a band diagram that resembles one in the absence of a lattice potential
(see figure 11 (b)) with 3 = —k? periodically folded inside the first Brillouin zone. For
g = 0 in figure 11 (a) top, corresponding to the normal incidence, the "energy'contribution
comes majority from the first band, then one band is sufficient for describing the beam
propagation, the same occurs for ¢ = —0.5 in (a) middle, where the largest contribution
comes from the first band for modes around the Bloch wavenumber £ = —0.5. At the
edge of the Brillouin zone, ¢ = —1, we expect that the first two bands exhibit similar

contributions to the overall beam evolution, as displayed in figure 11 (a) bottom.

In figure 12, the influence of the potential is prominent, resulting in the appearance
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Figure 11 — (a) Absolute squared Floquet-Bloch participation coefficients |c, (k)|* versus
wave number k for the potential V(z) = Acos?z, A= 0.01 with an incident
Gaussian beam Uy(z) = Upe'®e=7"/27" with beam width o = 77 and transverse
momentum (top) ¢ = 0.0, (middle) ¢ = —0.5 and (bottom) ¢ = —1.0; (b)
Band diagram showing the propagation constant 3, (k) versus Bloch wave
vector k for the first five bands.
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of band gaps between the first and second band, and between the second and third, as
depicted in the band diagram in figure 12 (b). Of course, above the first band, there
is a semi-infinite bandgap. The figure 12 displays the first three non-zero participation
coefficients (normalized by olUy) for Gaussian waves with transverse momentum values
g = 0.0, ¢ = —0.5 and ¢ = —1.0. For the normal incidence, ¢ = 0, shown in (a) top
panel, the "energy'contribution arises predominantly from the first band, akin to the
shallow-lattice case. Interestingly, the "energy'contribution from the third band surpasses
that of the second band. Conversely, for ¢ = —0.5 (middle panel (a)), the contribution
from the second band exceeds that of the third band, although the first band remains the
most significant. Lastly, for ¢ = —1.0 (bottom panel (a)), we observe a similar contribution

from the first two bands.

In figure 13, the potential’s impact is notably stronger, leading to an additional
band gap between the third and fourth bands, as depicted in Figure 13(b). In contrast
to the previous case, we witness non-zero contributions from the fourth band for normal
incidence (¢ = 0), showed in the top panel (a). Additionally, there is almost an equivalent
contribution between the second and third bands in the ¢ = —0.5 case, showcased in the
middle panel (a). In the case of ¢ = —1.0, both the second and third band contributions
are non-zero, altering the previously observed similarity in the contributions of the first

two bands.
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Figure 12 — (a) Absolute squared Floquet-Bloch participation coefficients |c,(k)|? versus

wave number k for the potential V(z) = Acos?z, A = 4.0 with an incident
Gaussian beam Uy(z) = Upe'®e=""/27" with beam width o = 77 and transverse
momentum (top) ¢ = 0.0 (the inset illustrates the contribution of the second
and third bands), (middle) ¢ = —0.5 and (bottom) ¢ = —1.0; (b) Band
diagram showing the propagation constant f3,(k) versus Bloch wave vector k
for the first five bands.

For this system, we can make some statements: the significant contribution for the
modes of each band is centered around the incident wave transverse momentum ¢, but the
energy distribution does not follow a Gaussian profile, not necessaraly symmetric around
the Bloch wave number, that strongly affects the propagation dynamics. Furthermore, as
the lattice potential becomes more intense, more bands become relevant to the system and
more band gaps arises. These statements can be veryfied by investigating the contribution

of each band, the Parserval’s identity and the band structure for several sets of parameters.

The Parseval’s identity shown in equation 4.18 is a conserved quantity and can be
viewed as the sum of contributions of each band for the beam p,, in the first Brillouin zone.
Each term gives us information on how much each band contributes to the beam depending
on the parameters of the lattice and the incident beam. This will be particularly useful
for the stochastic case, but here it helps to understand the behavior of the contribution

coefficients.

In figure 14, the normalized Parserval identity (P = Y p, = 1) terms p,, are depicted
versus (a) the lattice potential amplitude and (b) the transverse momentum. In (a), the
range of the lattice potential amplitude varies from the shallow lattice regime (A < 1) to

a very strong potential A = 10; the top panel corresponds to normal incidence (¢ = 0) and
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Figure 13 — (a) Absolute squared Floquet-Bloch participation coefficients |c, (k)|* versus
wave number k for the potential V(z) = Acos? z, A =10.0 with an incident
Gaussian beam Uy(z) = Upe'®e=7"/27" with beam width o = 77 and transverse
momentum (top) ¢ = 0.0 (the inset illustrates the contribution of the third
and fourth bands), (middle) ¢ = —0.5 and (bottom) ¢ = —1.0; (b) Band
diagram showing the propagation constant f3,(k) versus Bloch wave vector k
for the first five bands.
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we can see that the major contribution is due to the first and third bands only, similar to
the case in the Bragg condition ¢ = —1, where only two bands contribute to the beam
so far as A = 5. In this case, a two-wave model can give reliable results considering the
Bragg resonant modes [50, 83]. Moreover, as the lattice potential amplitude increases,
the contribution for the reminiscent bands increases, decreasing the contribution of the
first two, as expected because P is a conserved quantity. For ¢ = —0.5 (see figure 14 (a)
middle panel), we see the contribution of the second and third bands becoming equal. As
expected, the contribution for the first one decays as the others increase. In the right of
the figure, in (b), we see the dependence of the transverse momentum for a fixed A = 4:

we see that the p,, are even in q.

Let us now analyze the influence of the lattice on the beam’s evolution. The
input beam’s transverse momentum ¢ controls significantly its diffraction [57]. Specifically,
the beam direction is strongly influenced by the group velocity’s direction Vi[5, (k): the
direction aligns perpendicular to the transmission band. The precise relationship with

propagation will be explored further in the last section of this chapter.

One can ask how the potential amplitude A affects the propagation and the intensity
pattern of the propagating beam. This analysis is straightforwardly conducted by plotting
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Figure 14 — (a) Parserval identity terms p,, versus lattice potential amplitude A for and
transverse momentum (top) ¢ = 0.0, (middle) ¢ = —0.5 and (bottom) ¢ = —1.0
and (b) versus the transverse momentum ¢ for a specific lattice potential
amplitude A = 4.0. For both, the input beam is the optical field Uy(z) =
Upei®®e=7"/20" with beam width o = 7.

2,

the beam intensity |U(x, z)|*, displayed in figure 15 for several initial conditions along

with the beam center z.(z) defined by

_ J2|U(x, 2)|? dx
Te(z) = [1U(x, 2)|? dz’

(4.21)

which delineates the beam’s center overall movement. It is important to note that these
visualizations were computed by employing equations 4.14 and 4.20, and the accuracy of the
results was verified using Split-Step Methods. We consider three regimes to illustrate the
lattice’s role in beam propagation. First, for a shallow lattice potential amplitude A = 0.01,
where the variation in the photonic crystal’s refractive index is minimal, and a transverse
momentum ¢ = —0.5 (figure 15 (a)), the beam propagates without considerable spreading,
tilted to the negative x direction due to the lattice excitation by the transverse momentum.
As we discussed and showed, the Parserval identity term p; is the more prominent, so the
significant contribution comes from the first band that has its participation coefficient
¢n (k) centered around the wave number k = —0.5. The group velocity V3 (k) around
this Bloch wave number is tilted to the negative x, aligning with the tilt seen in the beam
propagation. This inclination is highlighted through the beam center z.(z) (dashed black

line).
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Figure 15 — Beam intensity |U(z, z)|> with the beam center z.(z) for three input gaussian
beam with width o = 77 and potential amplitude A and wave number ¢: (a)

A=0.01 and g =—0.5; (b) A=4and ¢ =0; (c) A =10 and g = —1.0.
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Considering the potential amplitude A = 4 and transverse momentum ¢ = 0, one
observes significant contributions primarily from the first three bands: the first being
the most pronounced, the second non-negligible, and the third nearly absent, evident
in the Parserval’s term p,. Their participation coefficient ¢, (k) is centered around the
Bloch wave number k£ = 0, From the band diagram’s analysis of V53, (k), we anticipate
that the beam will propagate along the z direction. In figure 15 (b), we observe that
while the beam remains relatively free from diffraction effects, its interaction with the
lattice induces oscillations along the x direction. Additionally, the intensity distribution
exhibits oscillations along the z direction. Remarkably, the beam center z. (dashed red

line) remains a straight line x = 0.

Increasing the potential amplitude to A = 10, more excited bands contribute
to the beam dynamics. By choosing ¢ = —1.0, we ensure that the Bragg condition is
satisfied, where the first two bands exhibit almost identical contributions to the overall
beam evolution, as reflected in Parserval’s coefficient p,,. Notably, the contributions from
the third and fourth bands are not negligible. By inspecting the participation coefficients
cn(k), we observe an asymmetry around k£ = 0. Some modes around k£ = —1 are more
excited than those at k = 1 for certain bands, and vice versa. Consequently, analyzing
the beam direction via Vyf,(k) requires more nuanced attention. Furthermore, through
the beam propagation exhibited in figure 15 (b), we also observe that the beam remains
diffractionless, but with even more oscillations. The beam exhibits oscillatory behavior
around z = 0, evident in the beam center ., resembling the Zitterbewegung effect (more

details will be discussed in the last section of this chapter).

In the next section, we reach the main results of our model through the consideration
of the random fluctuations in the optical fields. This discussion of a gaussian source will
serve as a limiting case and a baseline for our future discussions about the beam dynamics

in periodic potentials considering the stochastic nature of optical beams in nature.

4.3 Stochastic Theory

The objective of this section is to incorporate the inherent random fluctuations of
optical fields, irrespective of their physical origin — spontaneous emission, temperature
fluctuations, mechanical vibrations, or others. To achieve this, we employ statistical
concepts, particularly the formalism of second-order classical statistical optics. Here, we
consider correlations between two spatial points through the cross-spectral density function,
defined as:

Wz, 9, 2) = (U* (21, 2)U (29, 2)) (4.22)

w ?

that represents the correlation between two spatial points of the optical field, (z1,2)

and (9, z), averaged over an ensemble of monochromatic (fixed w) realizations of the
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optical field U. Considering a periodic medium, each field realization is essentially a linear
combination of the Floquet-Bloch modes previously discussed. By using equation 4.14 in

the definition of the cross-spectral density function, we obtain:

Wz, 29, 2) = (U* (21, 2)U(2x9, 2))

= { il /i//aa dky [ ://aa dky & (ky)cm(ks)
X U:;(Il, ket )ty (3, ki) €!1Pn (F2) = Bn k)]
_ i—l /// dk, /i//aa dky (¢ (ky)em(ka)),, (4.23)
X U%(Ila k), (2, k) e 20nm?
- > / W//a | ﬂ//a Ay Coom (k1 k)
nm=1"7 "7/ —7/a

Xk (21, k1 )t (2, ko) e,

As the propagation of each random optical field U(x, z) relies on the participation coefficient
of each band ¢, (k), the propagation of the cross-spectral density function depends on the
correlations existent between the bands. These correlations are described by the cross-
correlation coefficients Ci,, (K1, k2) = (¢}, (k1)cm(ke)),,. This quantity characterizes the
spatial coherence of the beam, as the Floquet-Bloch functions and the exponentials with
each propagation number are deterministic by nature. The propagation of the correlations
can be approached similarly to the deterministic case, but one must analyze the cross-
correlation coefficients, which can be determined from any initial cross-spectral density

function Wo(z1, z9) = W(xy, 2,0) as follows:

Crm (k1 k2) = (c, (k1) em(k2)).,

(4.24)
= // drydzy up (w1, ky)uy, (22, ke)Wo (21, 22),

representing a correlation measure between the nth and mth bands for the Floquet-Bloch
wave numbers k; and ke. By using the definition from equation 4.22, the average beam
intensity at a position (z,z) can be obtained by assuming z; = xs = z, which results in

the spectral density S(z, z):

S(x,2) = (|U(x,2)]")_

* AN (4.2<))
// dkldk’z Onm(]{fl, kQ)Un(,ZE’ kjl)um( ,k2)€Z ﬂnmz’
B.Z. a

a quantity measurable in laboratory experiments.

It is evident that the spatial correlation introduced by the cross-correlation coeffici-
ents can notably influence the beam intensity. However, a pertinent question arises: to what

extent does the beam behavior deviate from the deterministic case? The quantity that
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measures the impact of these correlations is the spectral degree of coherence finy, (K1, k2):

<CZ(k1)Cm(k52)>w 7 (4.26)
(len (k1) (lem(k2)[2),,

which represents the overall correlation between two bands for a point within the kiks

:unm<k17 k2) = \/

plane within the first Brillouin Zone. By definition, it is a bounded quantity, and its

squared magnitude adheres to the following condition:
0< |:unm(k17 k2)| <1 (4'27)

and it is equal to unity when the optical field is fully coherent, as observed in the
deterministic case discussed earlier, and it vanishes when the field is incoherent. Between
these extremes lies the domain of partial spatial coherence, which is the main point of this
work. To compute quantities from the deterministic case in this stochastic context, we
consider averaged values through ensemble averaging. Considering the contribution to the

beam from each band, we introduce the Parserval’s term in Stochastic Theory:

P, = /B‘Z. (lew(B)?)_ dk, (4.28)

that aids in deciding in which band to truncate equation 4.23 within computational

programs and to understand the role of spatial coherence in exciting the lattice bands.

4.4 Stochastic Case: Gaussian-Schell Source

In the domain of partially coherent beams, one notory correlation distribution
model is the Gaussian-Schell model [84, 85, 86, 87, 88]. This model provides insight into
the distinction between coherent and incoherent sources. One key characteristic of such a
beam is that, between two points, say x; and x5, the spectral degree of coherence solely
relies on their separation distance, denoted as |z5 — z1|. In the context of a stationary
process, following the notation used in the section on deterministic Gaussian sources, we
can describe field fluctuations through the cross-spectral density function at the input
(z =0) as:

Wolxy, 22) = Soef(x%+m§)/202ef(xlfx2)2/26267iq(w17x2)7 (4.29)

showing the optical beam correlation between points x; and z5 in a Gaussian intensity
distribution centered around x = 0, having a width of v/20. Note that Sy = |(~]0|2 = US‘UO
represents the field intensity amplitude. The coherence parameter § plays a crucial role
here: as ¢ tends to infinity, the source approaches a fully spatially coherent beam, while a
decrease of ¢ approaches a spatially incoherent beam. Our next steps aim to establish the
foundational discussions regarding cross-spectral density, average beam intensity, and the

influence of spatial correlation within the system. Initially, we will investigate the behavior
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of cross-correlation coefficients and, subsequently, analyze Parserval’s identity terms P,

and discuss our main results.

By using equation 4.24, the Floquet-Bloch cross-correlation coefficients can be
determined from the correlations of the optical field at the incident plane z = 0. The
resulting integral is a multidimensional Gaussian integral that can be easily solved [89,

90]. The calculation is intricate and it does not add any physical insight. It is given by

2S00 >

Cnm<k1;k2) \/m Z bn ]{?1 )]

X exp —5202(k1 + %TFT - Q)Q]
2(02 + 20?) (4.30)
X exp —5202(k2 + %TWS - Q)Q]
2(62 + 202)
X oxp _04[k:1 —ky+ Z(r — s)]zl .
I 2(62 + 202)

This is a general expression for the participation coefficient of a Gaussian-Schell source
and can lead to the deterministic one found previously. To confirm this, one can verify
its consistency by taking the limit as § approaches infinity. In this limit, imposing the
conditions k; = ks = k and n = m, one can recovers the expression for (|c,(k)|?), where
cn(k) is given by equation 4.20. Even without these constraints, while still considering
the same limit, an expression for C,,,,(k1, ko) is derived as a product of two factors, one
depending on (n,k;) and the other on (m,ky), corresponding to a regime of complete

spatial coherence, as expected.

First, let us understand the role of the coherence parameter ¢ and stabilize the
terms that will be used to discuss our results. The Gaussian-Schell source expressed in
equation 4.29 has an exponential term containing the distance between two points in the
lattice |21 — xo| with the same z. In figure 16 (a), we present the initial absolute value
of the cross-spectral density |Wy(x1, z2)| for a Gaussian-Schell source with a transverse
momentum ¢ = 0 and a beam width of ¢ = 7x. For high coherence values (6 > o),
the cross-spectral density spreads out in the zix, plane with circular symmetry and
we can expect a regime similar to the deterministic Gaussian source. As the coherence
parameter decreases, for intermediary values (0 ~ o, the distribution becomes skewed. In
a low coherence regime (6 < o), the third factor in the expression of Wy localizes the

distribution to the line x1 = x5, with the other regions of the plane being negligible.

When a Gaussian-Schell source propagates in a periodic lattice, one can ask for
the role of the coherence in the Floquet-Bloch modes excitations. Consider the constraint
k1 = ko = k. It is worth mentioning that if one plots the cross-correlation participation
in the kiks plane, the coherence parameter ¢ exhibits a similar effect on its profile to

the one observed in the Gaussian-Schell cross-spectral density Wj: in high coherence,
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Figure 16 — (a) Absolute value of the cross-spectral density for a Gaussian-Schell source
under various coherence parameter J values. The Gaussian-Schell source has a
transverse momentum of ¢ = 0, a beam width of ¢ = 77, and it is incident on
a lattice with an amplitude of A = 4. Additionally, the following are displayed:
(b) the equivalent deterministic behavior for participation coefficients; (c) the
absolute values of cross-correlation coefficients |C,,,, (k)| for different coherence
parameters: 6 = 0.1o (black line), § = o (purple line), and 6 = 500 (green
line). The panels show results for n = m =1 (top), n = m = 2 (middle), and
(n,m) = (1,2) (bottom).

the profile is gaussian-like while in low coherence, the profile gets skewed. Figure 16 (b)
displays the expected participation coefficients profile for the first two bands with a lattice
amplitude A = 4 and a deterministic Gaussian beam source. This deterministic profile
will serve as a reference for comparison with the results of cross-correlation coefficients
presented in figure 16 (c). The coefficients are normalized by the constant previous to
the summations in equation 4.30. As the coherence parameter ¢ increases, the results
approach the deterministic case. The figure shows the averaged values of the participation
coefficients ¢, (k) for n = 1,2 (top and middle panel, respectively) and the cross-correlation
coefficient C1o(k, k) (bottom panel).

In a low coherence regime, a large number of Floquet-Bloch modes are excited,
with non-zero values of the coefficients covering almost the entire Brillouin zone. This

suggests that the stochastic nature of the beam induces the excitation of more modes
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Figure 17 — Spectral degree of coherence pi12(ky, k2) versus the coherence parameter § for
input beam width ¢ = 77 and lattice amplitude A = 4.0 at various incident
angles, correspondent to ¢ = —1.0 (solid black line), ¢ = —0.5 (dashed line),
and ¢ = 0.0 (dot-dashed line). Several spectral degrees of coherence between
points of the Brillouin zone are displayed: (a) k1 = ks = —0.3; (b) k; = —0.2
and kQ = —03, and (C) ]fl = kQ = —0.2.

in the lattice. As we increase the coherence parameter, such as for § = o, there is a
slight recovery in the profile found in the deterministic case: the excitation becomes more
localized around k& = 0. As we approach high coherence, the spatial coherence effect causes
the excitation spectrum to decay, resembling the deterministic case. Moreover, as the
correlation becomes more accentuated, (¢;(ky)ca(k2)) = ¢jca. We observe the same pattern
when changing the transverse momentum ¢ and the lattice constant A. Thus, we conclude
that the broadening of the Floquet-Bloch modes excitation can be controlled by the degree
of coherence. This result differs drastically from the deterministic one: if one remembers
the previous discussion, the only way to excite more modes in this case is by changing the
profile of the incident beam or its incidence angle. The spatial coherence adds another

degree of freedom to control the Floquet-Bloch modes.

As mentioned earlier, a quantity that can be used to visualize the correlations
arising from the spatial coherence of the beam is the spectral degree of coherence, denoted
as nm(k1, ke) (see equation 4.26). This parameter measures the normalized degree of
coherence between two modes from two different bands. By fixing the Floquet-Bloch
wavenumbers and focusing only on the first and second bands (i.e., n = 1 and n = 2), we

can examine fi15(k1, ko) as a function of the coherence parameter d, as shown in Figure 17
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for some values in the Brillouin zone. Let us define a pair of points as "direct"if ky = ky = k
and "indirect"if k; # ko. The figure presents the results for a Gaussian-Schell source with
a width of ¢ = 77 and lattice amplitude A = 4 at various incident angles. The general
behavior, as expected, is that y — 1 as 6 — oo, and u — 0 as 6 — 0. This sheds light
on the relationship between the coherence parameter § and the actual spectral degree of

coherence.

Figures 17 (a) and (b) show the coherence degree for a direct point (—0.3, —0.3)
and (—0.2,—0.2), respectively: for ¢ = —1 (solid black line), in the Bragg condition, the
contribution and distribution in the Brillouin Zone from both bands are very similar, thus it
is expected that their coherence degree increases to unity as the cross-correlation coefficients
resemble more and more their deterministic contra parts; the curves for ¢ = —0.5 (dashed
red line) and ¢ = 0.0 (dot-dashed line), as the distribution and contribution are not
very similar, we see that they approach unity in a larger value of § in comparsion to
the ¢ = —1.0. In the indirect point (—0.3, —0.2), the rate at which the coherence degree

approaches unity in even larger values for ¢ than the direct ones.

Now, let us discuss the effects of spatial coherence on beam propagation. Similar
to the deterministic case, the beam direction is strongly influenced by the group’s velocity
direction Vi, (k) and has some influence from the cross-correlation coefficients as well.
As before, our goal is to study the beam evolution also considering the beam center X.(z),
defined in terms of the spectral density S(z, z) in the stochastic case:
_ JxS(x,2);dx

X&) = ol 2)ida

(4.31)

First, let us consider a scenario with low coherence, where the coherence parameter
0 is considerably smaller than the beam width o. In the previous sections, we observed
that A = 4 is a lattice parameter sufficiently strong to exhibit considerable effects from the
lattice on the beam evolution. By taking this value for A, beam width to o = 7, incident
angle with transverse momentum ¢ = —1.0, and the coherence parameter to § = o /100.

Figure 18 illustrates this case.

As expected from coherence theory, the influence of a very low coherence parameter
on the propagation causes the beam to spread more significantly through the lattice:
the lack of spatial coherence makes the beam behavior similar to one propagating in a
medium without periodic lattice. The stochastic nature of our source causes the beam
propagation to ignore the lattice even in a relatively high lattice amplitude, resulting in a
wider spreading compared to a beam propagating in the shallow lattice regime (see figure
15 (a)) for the same low value of the propagation distance z. Also, note that the beam
center is tilted to the negative x-axis, as observed in the deterministic cases (see figure 15
(a) and (c)), and presents oscillations. One can ask how this occurs even in low coherence

and even in the Bragg condition, where we can expect the tilt to be very small and what
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Figure 18 — (a) Beam spectral density S(z,z). (b) Mean beam center oscillation X.(z)
versus propagation distance z. For input wave number ¢ = —1.0, width o = 7,
lattice amplitude A = 4.0 and coherence parameter § = ¢ /100.

can be inferred from these oscillations.

For comparison purposes, it is interesting to consider an intermediate coherence
case, where the coherence parameter ¢ is of the same order of magnitude as the beam width
0. As discussed in the section about cross-correlation participation coefficients C,,, (k1, k2)
and the role of spatial coherence, let us assume 0 = ¢ with the other parameters the
same as in the low-coherence case discussed above. This case is displayed in figure 19. We
observe that the coherence is close enough to the deterministic case to reduce the tilt and
restore oscillations to the beam center, along with a more well-defined intensity pattern.
The spreading of the beam also becomes negligible, occurring because the cross-correlation
participation coefficients become closer to the deterministic ones, exciting many fewer

modes in the Brillouin zone compared to a low-coherence scenario.

The general form of the beam center is given by a expression of the form X.(z) =
X.(0) + Vz+ P(z), where p(z) is a periodic function of z that depends on the correlation
between different bands, and v is the linear inclination which depends mainly on the mean
participation coefficients values (|c,(k)|?) for all the bands and the group velocity. As §
approaches smaller values, the oscillations from the beam vanish and only the rectilinear
movement is left. Absolutely, how much the beam is spatially localized, tilt, and beam

oscillations are all influenced by the coherence degree as the beam propagates over the
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Figure 19 — (a) Beam spectral density S(z,z). (b) Mean beam center oscillation X.(z)
versus propagation distance z. For input wave number ¢ = —1.0, width o = 7,
lattice amplitude A = 4.0 and coherence parameter § = o.

distance z. This interplay can have implications and applications in experimental setups,

making it an interesting aspect to investigate and control for specific purposes.

4.5 Spatial Coherence and the Trembling Motion

In the previous sections, we observed that the motion of the beam center undergoes
a trembling motion as it propagates in the periodic lattice. Let us investigate the physics
behind this motion. The calculations are extensive and several steps will be omitted (see
[4] for more details), we only will talk about the outline. First, consider the deterministic

case. Overlooking the normalization constant present on equation 4.21,
ze(2) :/ r|U(z, 2)|? dz, (4.32)

and, if we insert in this equation the expression for the beam in equation 4.14, we obtain

zo(z) = > dkdk (k) (K)o~ 1ABum (k)2 /OO z ul(x, k) (2, k') dz (4.33)

n,m=1 -
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where ABp, (k, k') = Bn(k) — Bm(E"). The term integral in the transversal direction x on
the right side can be expanded as

[o.¢] oo . ’ a
/ xw(z, k)upy(z, k') de = Z/ e E=RT 4% (g, k)%vm(aﬁ, k') dx (4.34)
.0 [ ,
P e 4.
i qun(x, k)t (z, k') dx (4.35)
d
=0k — KX (k, k') — iénmﬁé(k — K, (4.36)
where X, is a integral in the unit cell of the lattice:
2w [a/2 0
X =T (2, k) — / 4.
am (K, K I v (, k)aklvm(x, k') dx (4.37)

and, if we do the substitution in the original integral, one can obtain the following

expression for the beam center:
Te(2) = 2c(0) + vz + p(2) (4.38)

where x.(0) is the initial position, v is the angular coefficient of its linear motion in the
propagation direction z, and p(z) is a periodic multifrequency function. This expression is

condensed for clarity. The initial position is z.(0) given by

2.(0) = i fjl /B B c;‘l(k);;cn(k) dk + fjl /B  Xun(k)leak) dk: (4.39)

where each term depends only on the participation of individual bands. The angular

coefficient v is

v=— fjl/BZ |cn(k)\2$€5n(k) dk, (4.40)

that is given by the sum of contributions of each band. The direction of the beam is
partially controlled by this term. The group velocity plays an important role here. Due to
its odd parity, the absolute participation coefficient squared |c, (k)|? has to be asymmetric
in the first Brillouin zone for each integral to be non-zero, which explains the tilt of the

beam for some initial beams. Finally, the oscillations came from the third term term p(z),

P =3 Y [ Xy (Ren (k)20 d, (1.41)

n=1m#n

that clearly has in each term k-dependent periods wp,, = 27/Afn, (k). The medium
contributes to the oscillations through the interference between bands: the counts only
terms where n £ m and we have also a factor with a phase mismatch coming from the
difference between propagation numbers of two bands 3,,,(k). This is the origin of the
trembling motion of the system [91]. One can do the same for the stochastic case, obtaining

an expression very similar to the equation 4.38:

X,(2) = X(0) + Vz + P(2), (4.42)
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where the initial position X.(0) is

X.(0) _@; /B 2 Conlk,K) dk+n§:jl /B  XunlB)|Con R, R) b, (4.43)

the angular coefficient V' is

V= - Z [, Conlh )7 < Bu(k) db, (4.44)

and the oscillation term P(z) is

Z > / Xy (B)Copp (K, k) e B85mmB)2 g, (4.45)

n=1m#n

The terms from the stochastic case are very similar to the deterministic ones due
to the fact that they are ensemble averages of each realization that can be thought of as
deterministic. If the coherence parameter grows indefinitely, one can observe that v — V
and p — P whenever ¢, (k) and ¢, (k) become statistically independent random processes,
meaning, (¢, (k1)c,(k2)) = (¢, (k1)) {cn(k2)). The main difference between the deterministic
and random cases is that the oscillations A(z) may disappear gradually down to zero, even
when the coefficients ¢, (k) are non-zero, as long as the bands become weakly correlated,

to the point of no correlation at all, when C,,,,(k, k) = 0.

This trembling motion is well-known in several areas of physics and it is called the
zitterbewegung effect. This effect originates from the results obtained for free electrons
using the Dirac equation. These results predict the presence of fast, small oscillations in
addition to the expected rectilinear classical motion, giving rise to a trembling motion.
Since its initial prediction, researchers have explored analogs of this effect in various

systems, including photonic lattices [14] and semiconductors [91, 92].

In figure 20 (a), we have the propagation numbers (3, (k) that characterize the band
structure and in (b) its respective group velocity. Note that as there is the parity symmetry
Bn(k) = B, (—k) within the first Brillouin zone, the group velocity profile is formed by odd
functions. Furthermore, its values grow as n increases; however, as discussed before, the
contribution of each band decreases with n for the deterministic case. As the coherence
parameter ¢ decreases, the contributions become more evenly distributed among the bands.
The integrals in v and V' are far from trivial when considering the dependence on the

model parameters.

Furthermore, in figure 20 (c), one can observe how spatial coherence affects the
trembling motion of the system: for § = o, oscillations are seen alongside those expected for
the deterministic case. In low coherence (6 = 0.10), the beam center becomes more tilted
due to the skewness of the participation profiles (see Figure 16) and the tilt’s dependence
on the autocorrelation participation coefficients and group velocity. Additionally, the
oscillations experience some damping effect. If § decreases even further (§ = 0.010), the

tilt is smaller, and the damping effect is stronger, attenuating the oscillations even further.
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Figure 20 — (a) Propagation constant (k) versus Bloch wave vector k for the first five
Floquet-Bloch modes u,(x, k); (b) group velocity d3(k)/dk versus Bloch wave
vector k; (¢) mean beam center oscillation X, (z) versus propagation distance
z for three coherence parameters: o, 0.10 and 0.01lc. For input wave number
g = —1.0, input beam width ¢ = 77 and potential amplitude A = 4.0,
extracted from [93].
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5 Conclusion and Perspectives

In our research, we presented a model aiming to analyze the propagation of partially
coherent beams in periodic media. The framework utilized was the one of Floquet-Bloch
waves, that enables a detailed examination of the influence of the material on the light
propagation. The model presented here considered a 2D system with a refractive index
exhibiting 1D periodicity. The refractive index governs the matter-light interaction and
plays a central role in the dynamics alongside the input beam. The potential considered

was harmonic, but the theory allows for the consideration of other 1D periodic potentials.

The results were primarily obtained using the plane-wave expansion method and
applying diagonalization routines in the Julia programming language. In contrast to
free space, when considering a periodic medium, one encounters a band structure that
significantly influences and alters light propagation. To illustrate these results, we applied
the theory to a deterministic case: the Gaussian source. With this source, we computed the
participation coefficients and we found a general solution for the beam profile in any point
(x, z) of the space during propagation. The band structure was discussed with details: we
showed that how the contribution of each band to the beam propagation was influencied
by the lattice through changing the lattice amplitude A and studying the Parserval’s
terms p,, and also how the transverse momentum changes the excitation of Floquet-Bloch
modes in the first Brillouin zone. The propagation for the deterministic case was analyzed,
outlining how the lattice contributes to its dynamics. We explored both the shallow-lattice
regime and lattices with very strong influences to better understand the system and its

dependence on its parameters.

With the particularities of the Floquet-Bloch framework in mind, we then utilized
the second-order theory of coherence to describe light through the cross-spectral density
W (x1,x2, 2), where the light was described as a linear combination of several Floquet-Bloch
modes with participation coefficients that fluctuate in the space subject to some correlation
between them. This correlation is conveyed by the initial cross-spectral density. We chose

the Gaussian-Schell beam as the input and extracted the results.

We demonstrated that even weak correlations can drastically change the power
distribution of Floquet-Bloch modes through the cross-correlation coefficients C,,,,, (k1, k2).
The influence of spatial coherence was shown to spread or narrow down the contribution
of wavenumbers in the first Brillouin zone. The spatial coherence adds another degree of
freedom to control the Floquet-Bloch modes, differing drastically from the deterministic
case. Additionally, the stochastic description introduces interbands correlations into play,

as we showed that the cross-spectral density significantly depends on cross terms.
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In conclusion, we demonstrated that spatial coherence influences the intensity
profile of the propagating beam. If the coherence is low enough, the beam passes through
the material as if it is not there: the interactions between the light and the lattice can
hardly be noticed. The beam center was one of the objects of study, and we also showed
that it propagates as the sum of a linear plus oscillatory term, resembling the trembling

motion found in electronic systems known as the zitterbewegung effect.

One may be interested in utilizing this framework to explore stochastic systems
in a variety of scenarios or combinations thereof: the zitterbewegung effect can be further
discussed; an extension to (2+1)D enables the investigation of other interesting beams such
as Hermite-Gaussian, Laguerre-Gaussian, and even Bessel beams. Theoretical developments
were carried out by us in both z-dependent potentials and P7T -symmetric lattices. The

latter even resulted in a publication not discussed in this thesis but is indeed related [94].
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APPENDIX A - Analytical Signals

All the basic quantities in classical optics, like the electric field E, magnetic field B,
charge p and current densities J are real functions of position r and time ¢. In statistical
optics, one is concerned with correlations and it is very useful to represent quantities by
complex functions, taking the real part to work with [15]. It is common to represent the
electromagnetic field by a scalar field, especially in wave optics. This is usually called the

scalar wave u(r,t) € R, satisfying the wave equation:

19
V2u(r, 1) = —u(r.b) (A1)

and the properties of such an equation give the possibility of working with a complex field
U(r,t) € C satistying
u(r,t) = Re[U(r,t)], (A.2)

and the complex scalar field U(r,t) is called the analytical signal.

A.1 Monochromatic Waves

A light signal can be viewed as a monochromatic one, with one single frequency
component, or a polychromatic one, with a range of frequencies to be considered in the
frequency space. In a fixed spatial position, a monochromatic field with frequency vy can

be represented as the real scalar field
u(t) = Acos(2mvy + ¢), (A.3)
where A is the field amplitude and ¢ the phase. One can write its analytical signal as:
U(t) = Ae e 2mivot (A.4)
where the factor e~ it is usually called phasor [7, 59]. A similar way to represent the real

signal is to rewrite the cosine as a sum of complex exponentials:

A . A A . .
u(t) — §€—Z¢€—Q7T’LV()t + §€z¢627rwot7 (A5)

hence, one can obtain the analytical signal from w(t) considering only the negative
frequencies (terms with a positive exponential argument) and doubling the amplitude of

the remaining term.
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A.2 Polychromatic Waves

A real signal u(t) representing a polychromatic wave can be described in the
frequency space as a continuous function @(v), and the Fourier integral that represents

this signal is

u(t) = /o:o a(v)e ™ dy, (A.6)
where .
a(v) = /_ (b d, (A7)

and, as u(t) is a real function, the complex spectral amplitudes given by u(v) satisfy
u(—v) = @*(v) and, thus, the negative frequency components carry no information. Thus,

the analytical signal in this case is better represented as the following:

U(t) =2 /0 T aw)e T ., (A.8)

One may ask why this is important. In the study of correlations, which are the
main quantities of the study of the stochastic nature of light, cross-correlations I';; are in
the core results of the theory. The Wiener-Khintchine theorem [15, 16, 71] states that the
cross-correlation can be thought of as an analytical signal of another quantity, enabling a

variety of results to the second-order scalar theory of coherence framework.
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APPENDIX B - Orthogonality condition of

Floquet-Bloch modes in finite and discrete

lattices

The objective of this appendix is to establish the orthogonality conditions for
the Floquet-Bloch functions. Here, this result will be achieved through the plane wave
expansion of each function, which is the most useful for this purpose [4]. As demonstrated

in Chapter 4, the plane wave expansion for the n'* Floquet-Bloch function is given by:

me i(k+Km)z : (Bl)

here, K, represents a reciprocal lattice vector, and the 1/+/27 factor is included to simplify

the orthogonality condition.

The coefficients b (k) = b, (k + K,,), forming elements of a unitary matrix denoted
as B. They serve as eigenvectors of A(k), hence B, = b"(k). Consequently, the following
property holds:

B*B=BB* =1, (B.2)

consequently, this property yields relationships among our Fourier coefficients:

Z[b?(k’)]*bgl(k) = 5pq (B'S)
and
> _[0n (k)] b () = by (B.4)

n

Hence, we know are able to compute the orthogonality condition for an infinite

lattice, considering x € [—o00, 00:

/Oo (l’ k)um T q 2 / Z[b;( * 7Z(k+K7‘ st quKs dr
T

- 7 >_[bL (k)b (a) /OO ekt Kr)z oilgtKs)z
Q 8 —00

1
27r

=2 b:; )05, (a)0(q + Ky — k — K,

o (B.5)
SR B a) [

—00

where we used the distribution theory result, that relates the following distributions

1 oo
o / e d — 5(k). (B.6)
mJ—c0
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Let us discuss the relevant terms within the summation. We assume that the wavenumbers
k and ¢ belongs to the first Brillouin zone, denoted as k,q € [—7/a, 7 /a), thereby k — ¢
cannot exceed 2w /a = |K41|. Consequently, the delta function generally equals zero except
when K, — K, = 0. Hence,
| ik (, a)dz = ST (R)]°8, (@)0(a — k)
o0 r (B.7)
where we utlized equation B.1. While this holds true for an infinite lattice, in our compu-

tational treatment of a finite lattice, the normalization will differ.

Let us discuss the discrete case. If we try to do the integral in a unit cell, x €
[—a/2,a/2) for our 1D lattice, we obtain

Loste i = LSl [ oo, o

establishing that u,, and w,, won’t be orthogonal for distinct wave numbers. Therefore, we
assume k = ¢, allowing the integral to be easily solved. Considering €2 = a as the length of

our unit cell, we obtain:

/ wh(z, k), (x, k)d —Z [br (k)"0 dre!Kr—Ko)z
cell cell (B 9)
j— Q .
o’
where the Kronecker’s delta arises from evaluating the integral:
/ el Er—Ko)z _ {O’ s ; (B.10)
cell Q, r=s

in the case of a finite lattice, it proves beneficial to modify the factor multiplying the
plane wave expansion for the Bloch modes from 1/4/27 to 1/v/ N§2, where N represents

the total number of unit cells.

To rescue the integral over all the lattice [4, 95], we consider a lattice comprising
2N + 1 unit cells. Consequently, the integral over the lattice can be expressed as a sum

within each cell:

[ wne (@, gde = [ v ko g de
lattice

lattice

—a(N—-1)—a/2 .
= v (z, k)vg,(z, q)e’(q_k)xdx + e
—aN
7(1/2
+/ ) (2, k)om (x, )" TP dy
3a 2
a/2 | (B.11)
+ ) v;(x,k)vm(x,q)e’(q_k)xdx
—a/2

3a/2 .
+ // v:;(x,k)vm(x,q)el(q_k)xdx
a/2

aN+a/2 .
+--+ / v (z, k)om(x, q)e’(q_k)xdx,
a(N—1)4a/2
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then, by performing a substitution of the form = =  + va in each integral, where v is an

integer, and considering Ak = ¢ — k, we arrive at:

a/2

[ e k(e q)de = [
lattice

—a/2

N
v,’;(x, k’)vm(x, k;)em'“ﬂdx [ Z ei(aAk)y]
a/2 e (BlZ)

= DN(aAk)/ V¥ (2, k)om (2, k) e d,
—a/2
and the sum between brackets is the Dirichlet kernel [96]. As we take the limit N — oo, it

transforms into a sum of Dirac delta functions [97]:

w/a

/OO ul (2, k)um(z, q)de =2 > 6(alk — 27w)/ ) ur (@, k) (2, q)dz, (B.13)

and, given the restriction of k to the first Brillouin zone, the only term that remains in
the sum is the one where v = 0. Consequently, we arrive at the previously established
orthogonality condition:

/ (2, k) um (2, q)d = Sk — q). (B.14)

[e.9]
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potentials



PHYSICAL REVIEW A 107, 033518 (2023)

Spatial coherence effects of stochastic optical beams in periodic potentials
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The interaction between a partially coherent field with a one-dimensional periodic photonic environment is
investigated within the framework of Floquet-Bloch modes. To this end, we describe the interplay between
lattice properties and field fluctuations by considering the optical beam as a linear combination of Floquet-Bloch
modes, whose coefficients are described by a stationary random process. It is demonstrated that the propagation
of partially coherent beams depends not only on the average of the excitation of each band but also on the
correlations existent among the various bands supported by the lattice.

DOI: 10.1103/PhysRevA.107.033518

I. INTRODUCTION

Wave propagation through periodic structures has been
extensively studied in diverse physical environments such as
optical lattices, waveguide arrays, and Bose-Einstein conden-
sates, among others. Stemming from the analogy between
electromagnetic waves in a periodic dielectric structure and
electrons in a periodic atomic potential, work based on
Floquet-Bloch (FB) optical modes has flourished since the
advent of photonic crystals [1-4]. One of the most important
features exhibited by wave propagation in periodic media
is the existence of bands and forbidden frequency gaps for
electromagnetic waves, [5,6]. Their existence in the photonic
density of states is of fundamental importance as dispersion
and diffraction are strongly enhanced, modifying severely the
properties of light propagation. Based on these facts, theoreti-
cal and experimental research on modulated photonic lattices
has been developed intensely in the last decades, revealing
rich phenomena [2,7].

However, in real experiments all light sources fluctuate
in the sense that the fields they generate undergo random
fluctuations, and it is well known that the spatial coherence
properties of a source strongly affect the spectrum of the
propagating wave. By coherence here we mean a measure
of correlations between the components of the fluctuating
field at two or more points in the space at the same time.
Coherence is a fundamental concept about the nature of light
and investigating its influence upon optical systems is nec-
essary if one is to achieve spatial coherence control, as it is
required in many practical applications such as imaging [8],
tomography [9], and beam propagation [10], among many
others [11,12]. Therefore, owing to the fact that fluctuations
are always present in real systems, one must include them
in the investigation of periodic systems to find the extent
that they might modify the spectrum dynamics [13]. To this

“miqueias @fis.ufal.br
Tpaulo.brandao @fis.ufal.br
*solange @fis.ufal.br

2469-9926/2023/107(3)/033518(7)

033518-1

end, one may rely on the techniques of statistical optics, also
known as optical coherence theory [14,15].

Based on the above discussion, in this paper we introduce
a method to understand the interaction between a partially
coherent field with a one-dimensional periodic photonic en-
vironment within the framework of Floquet-Bloch modes
together with a space-frequency representation of stationary
random processes. For comparison purposes, we apply our
scheme to the propagation of a deterministic Gaussian beam
as well as the propagation of partially coherent Gaussian-
Schell beams [16]. We choose to work with the FB basis
considering that a FB wave traveling through a periodic
medium is the counterpart of a plane wave traveling through
a homogeneous medium. A FB mode itself is composed of a
group of plane waves. In both cases the final beam is defined
as the linear combination of the FB modes, which are the
eigenvalues of the paraxial equation. In the partially coherent
case, each linear combination is just a member of an ensemble
of possible output beam shapes. The output beam profiles are
determined by the interference among multi FB modes. We
shall describe the role played by band correlations and their
consequences. To this end, in the next section we introduce
our theory in the case of a deterministic beam and apply it
to a wide Gaussian beam. In Sec. III we present the gener-
alization of the deterministic theory to include the statistical
properties of the incident beam, and describe the evolution of
the Gaussian-Schell beam. In Sec. IV we conclude.

II. DETERMINISTIC THEORY

Let us begin by considering a monochromatic realization
of an optical field represented by the slowly varying enve-
lope ¥ (x, z) propagating along the homogeneous z direction
through a periodic medium positioned along the transverse
direction x. Its dynamical behavior can be well described by
the normalized paraxial wave equation

iBW(x, 7) N %y (x, 2)
0z 9x2

+ V)Y, z) =0, €9

©2023 American Physical Society
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where ¥ (x, z) represents the normalized electric field enve-
lope. The function V (x 4+ a) = V(x) describes the periodic
lattice and is proportional to the refractive index of the ma-
terial. We suppose that it has the following general form:

Vix)= Z VmeZHimx/a, 2)

m=—0Q

where the parameter a is a positive number representing the
lattice period and V,, represents the mth Fourier amplitude,
which is a complex number, in general.

The eigenstates of the paraxial wave equation are defined
as Y, (x, k) = u,(x, k)e®z with k as the Bloch wave num-
ber corresponding to the FB mode u, (x, k), which satisfies the
following equation:

d?u,(x, k)
dx?

here, we fix the Bloch wave number within the first Brillouin
Zone (BZ), that is k € [—m /a, 7w /a]; n is the band index; and
B (k) is the propagation constant of the FB wave. The FB
modes are the eigenstates of the paraxial wave equation (3).
In a periodic medium they play the same role as plane waves
in a homogeneous medium. They are stationary states just like
in the solid state, except that here in the space description
they are diffractionless solutions, meaning that the intensity
is independent of the propagation direction. These modes are
fully determined by the structure of the lattice and remain
dormant unless they become excited by the incident wave
field. In a linear propagation regime, each FB mode acquires
its own phase, independent of the other modes. Since these
modes remain the same in spite of the different relative phases
acquired during propagation, the beam may have a completely
different profile at the output compared to the input profile
according to the dynamics determined by the band structure,
as we shall demonstrate in the following.

We begin by considering that a general solution for Eq. (1)
can be written as a linear superposition of FB modes, in the
sense that each mode supported by the lattice is a FB wave
with its own propagation constant §,,:

+ V(x)u,(x, k) = ,Bn(k)un(xa k), (3)

w/a

v =3 [ et etk @)

n=1 n/a

where ¢, (k) is the participation coefficient of band n at wave
vector k. It represents the relative power within the correspon-
dent FB mode with Bloch wave number k and band n. The
envelope profile of the optical field is then determined by the
interference among these modes. These coefficients are fully
defined at the input plane z = 0, and can be calculated from

cn(k) :/ u,, (x, k)Y (x, 0)dx, 5)
after  the orthogonality between FB modes

[0 e, k) (x, ko)dx = 8,,8(ky — k) was used, and
¥ (x,0) describes the beam profile at z = 0. Depending on
the variation of the beam amplitude at z = 0, and also on the
values of the Fourier components V,,, the incident beam may
excite FB modes belonging to more than one band.

Figure 1 displays the first three bands for a periodic lattice
represented by the truncated expansion of Eq. (2), that is,

(2§

n=1 —
=
—~ Of----0-2._ aee-e- )
= TR L
ned.etT Tl
5 i ! AT
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k
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él ENO.E)—
0 ‘ 0.0
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FIG. 1. (Top) Propagation constant f,(k) versus Bloch wave
number k for modes n = 1, 2, and 3 and fixed potential amplitude
A = 4. Floquet-Bloch mode amplitudes |u; (x, k = 0)|? (bottom left)
and |uy(x, k = 1)|? (bottom right) versus lattice position x. The red
circles in the top panel represent the propagation numbers for each
of the FB modes represented in the bottom panels.

V (x) = A cos? x, which is the potential used in all subsequent
analysis. More specifically, Vy = A/2 and Vi = A/4 and
Vi = 0 otherwise. Along with the bands, the figure displays
two FB modes corresponding to Bloch wave number k = 0
(bottom left) and k = 1 (bottom right) for n = 1 and n = 2,
respectively. The zeros of FB modes at the band edges are
characteristic of Hermitian lattices only [17].

Gaussian beam source

Let us now apply the formalism developed above by con-
sidering the propagation of a fully coherent Gaussian beam
described by the incident field amplitude,

¥ (x,0) = Soe 2" 4, (6)

where o is the beam width, ¢ the transverse momentum &, and
Sy the field amplitude, at x = 0. To gain physical insight into
the contribution of the Bloch coefficients c,(k), we write the
Bloch mode u, (x, k) as

o
U, (x, k) = otk Z d;m(k)ezmax/a’ )

a=—00

where d( (k) is the ath expansion coefficient of band n and
Bloch wave number k. Next, we substitute (6) and (7) into (5)
to obtain

k) = 0SoV2n Y [dP ()] e @ PTalatkoa? (g

Since d (k) (for varying «) are the eigenvectors’ coeffi-
cients of the matrix obtained after substituting (7) into (3),
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FIG. 2. Absolute squared Floquet-Bloch coefficients |c,(k)[?
versus wave number k, for fixed A = 4.0 input beam width 0 = 77
and various input wave numbers: (a) ¢ = 0.0 (the inset illustrates the
contribution of the second and third bands), (b) ¢ = —0.5, and (c)
g=—1.0.

Eq. (8) is more suitable from a computational point of view
since one does not need to deal with the integration over the
x axis, as Eq. (5) suggests. Also, for a fixed Bloch wave
vector k and moderate values of A, only a few of d\" (k)
are significantly different from zero, as we show in the ex-
amples discussed below. Figure 2 illustrates the participation
coefficients |c,(k)|> (normalized by aSQ«/ﬂ) for the first
three bands n = 1, 2, 3. Figure 2(a) displays the coefficient
profiles for ¢ = 0 (normal incidence) and indicates that most
of the contribution comes from the first band, with a small
fraction of the third band, and as illustrated in the inset an even
smaller contribution of the second band. Part (b) is plotted for
g = —0.5 and shows a similar behavior, with the first band
exhibiting most of the contribution, but now the second band
contribution grows and overcomes the contribution of the third
one.

By simply changing the excitation angle, which determines
the transverse momentum g of a beam, one can dynamically
control its diffraction properties [18]. We turn to Fig. 2(c), the
case ¢ = —1, corresponding to Bragg scattering. We see that
the first two bands exhibit identical contributions to the overall
beam evolution. Since the beam direction is determined essen-
tially by the direction of the group velocity Vip,(k), which
is perpendicular to the transmission band, it is expected that
in the Bragg condition the beam evolves mainly along the
z direction, diffractionless as shown in Fig. 1. This claim is
confirmed by Fig. 3(a), which displays the plot of |y (x, 2)|?,
calculated directly from (4).

[h(z,2)|?

10
4

FIG. 3. (a) Beam intensity |/ (x, z)|?. (b) Beam center oscillation
X.(2) versus propagation distance z for input wave number g = —1.0,
input beam width o = 7, and potential amplitude A = 4.0.

After a close inspection of Fig. 3(a), one finds that the beam
center oscillates during propagation along z. Let us then define
the beam center as

Sl (x, 2)Pdx
J 1 (x, 2)%dx

Figure 3(b) displays the beam center oscillations x.(z). It
should be pointed out that these oscillations are not cen-
tered around x. = 0. There is a slow rectilinear movement
in the negative x direction superposing the oscillations. This
behavior resembles the quivering of the free Dirac electron,
well known by Zitterbewegung (ZB) [19]. In the context of
photonic systems such oscillations have been reported in the
case of waveguide arrays [20-22].

€))

X(z) =

III. STOCHASTIC THEORY

Random fluctuations are inherent in all optical fields ir-
respective of their origin; whether spontaneous emission,
temperature fluctuations, or mechanical vibrations, among
many others, the fluctuations are always present. Therefore,
to deal with measurable quantities in optical systems one
must incorporate statistical concepts to the theory to char-
acterize, not the field evolution in one space-time point, but
the correlations between two (or more) space-time points.
In second-order classical statistical optics, one characterizes
the two-point correlations by using the cross-spectral density
function. Under general conditions, likely to be valid in many
systems of interest, the cross-spectral density of a statistical
stationary source is defined as

W(x1, x2,2) = (" (x1, )Y (42, 2)) (10)

where (-),, implies an ensemble average of monochromatic
realizations of the incident optical field.
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A random beam can be generated by choosing the
FB functions as an orthonormal basis to obtain a linear
combination that represents the beam profile inside the pe-
riodic medium, as suggested in the last section. However,
now we suppose that the respective FB coefficients c, (k) are
described by stationary random processes of the FB wave
number so that each mode represents one configuration of the
ensemble. The evolution of the overall field v (x, z) depends
not only on the average values of ¢, (k) but also on the cor-
relations existent between the bands that correspond to the
cross-correlations Cmg (k1, k2) = (¢}, (k1)cn(k2)) . In this way,
one may speak of the correlations between c,,(k;) and ¢, (k;)
and study their influence upon the evolution of a partially
coherent beam. Previous works on the propagation of partially
coherent beams in periodic structures have been published in
nonlinear [23] and linear [24,25] systems. The approach taken
by Hoenders and Bertolotti is very similar to ours, differing in
that they assume a weakly periodic media and a nonparaxial
propagation, which results in a somewhat more involved anal-
ysis of the propagation dynamics.

Thus, in the following we shall be concerned with this
problem: given the initial distribution of field correlations
W (x1, x2, 0), how can one obtain the cross-spectral density
at a given z > 07 The answer to this question lies within the
correlation Cpy, (kq, k2) between ¢, (k;) and c,,(k,) that can be
directly evaluated from (5):

Cmn(kla k2) = (C:,(kl)cn(kZ))w

=// (X1, k)ujy (2, ko)W (x1, x2, 0)dx1dx;.
(1)

The coefficients Cyy, (k1, k2) represent a measure of the corre-
lations between bands m and n for FB wave numbers k; and
k>. Once the coefficients Cy,, (K1, k7 ) are obtained, and with the
knowledge of the statistical properties at the input, the cross-
spectral density W (x1, x, z) for z > 0 is readily obtained for
any state of light:

o w/a w/a
W(x1,x2,2) = Z/ dk1/ dky
—r/a —/a

n,m=1 4
X Cn (k1 , ko), (x1, ki )uy (x2, ko)
x e—i[ﬂm (ky )_ﬂn(kl)]z' (12)

The averaged intensity is given by S(x,z) = W(x,x,2) =
(1Y (x, 2)|?), that is,

0 w/a w/a
sca= 3 [ an [k
nm=1 —n/a —/a

X Cmn(kh kg)u;(x, kl)un(xa k2)
X e*i[ﬁm(kl)*ﬂn(kz)]z. (13)

By inspection of Eq. (13), one can conclude that the
spatial correlation represented by the cross-spectral function
W (x1, x2, z) does induce additional FB modes to the overall
field. One may visualize the correlations through the spectral
degree of coherence, a convenient quantity that measures the
normalized degree of coherence between the modes, defined

here as
(¢ (ki )em(ka))
VAlenkDP)(emk)2)

which satisfies the condition 0 < | (ki, k)] < 1. When
[tenm k1, k)| = 1, the field is fully correlated at wave numbers
(k1, k2) and bands (n, m). In the opposite extreme, the field is
fully uncorrelated, and in between these two extreme cases,
the field is partially coherent. Next, we illustrate this theory,
applying it to the specific case of Gaussian-Schell sources.

Mk, k) =

(14)

Gaussian-Schell sources

Gaussian-Schell models describe an important class of
partially coherent beams that are easily created in the labo-
ratory [26,27]. They are characterized by a spectral degree of
coherence that depends only on the difference between the
location of the two points, x; and x,. Considering that the
field fluctuations are well described by a stationary process,
one suitable model for the cross-spectral density function for
this class of beams at the input is given by

W(x1,x,0) = Sgef(xlz‘FX%)/Zozef(Xl 7x2)2/25267,'q(x, 7x2), (15)

where S, is the field amplitude, ¢ is the beam width, § is
the coherence parameter (§ — oo describing a fully spatially
coherent beam), and —g(x; — x») is a phase factor related to
the transverse incident wave vector g.

The FB correlation coefficients Cp,,(ky, k») are written in
the same form as in Eq. (8) after substituting (15) and (7) into
(11) to obtain

27TS(%802 - (m) (n) *
Conll, ko) = —s ﬂ:Z_oc dy" (k) dg” (k)]

8%0%(ky + 27”05 — q)2
X exp 252 + 202)

0% (ks + Zp — )’
KR T T 52 1 202)

o[k — ko + (@ — p)I’
X exp { — 307 1207 . (16)

Equation (16) is a generalization of the absolute square of
Eq. (8). Note that by taking the limit § — oo, with k; = ky =
k and m = n, one retrieves Eq. (8). It is easy to see that in
the special case of high coherence, § — oo, the coefficients
Cmn(k1, kp) can be written as a product between two indepen-
dent functions of n (m) and k; (k,), which is indicative of a
full correlation between the modes. Figure 4 illustrates the
mean participation coefficients (|c,(k)|?) for two FB bands
(n = 1 and 2), for several values of the coherence parameter
8, and for three incidence wave vectors g = 0, ¢ = —0.5 and
q = —1.0 where all the coefficients are divided by the con-
stant factor multiplying the summation. The arrow in Fig. 4(a)
indicates the growth direction of the coherence parameter, and
this applies to all plots in the figure. It is clear that as the
spatial coherence decreases, the contribution to the overall
beam increases in the sense that many FB modes are now
excited when compared to the fully coherent case. Conversely,
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FIG. 4. Mean absolute squared of the first two FB coefficients
(lca(k)|?) versus wave number k with input beam width o = 77,
amplitude A = 4.0, and coherence parameter § € [0 /10, o] for var-
ious input wave numbers: (a and b) with ¢ = 0.0; (c and d) with
g = —0.5; and (e and f) with ¢ = —1.0. The arrow indicates increas-
ing §. The nth column corresponds to the nth mode, n = 1, 2.

as the spatial coherence increases, the broadening that once
occupied the whole Brillouin zone becomes smaller and tends
to localize along a limited band around k£ = 0, as in the fully
coherent case depicted in Fig. 2. Therefore, it is clear that
the lack of spatial coherence does indeed excite additional FB
modes, broadening the spectrum. The extent of the broadening
can be controlled by the coherence degree, a feature that is
quite interesting from the point of view of applications.

The spectral degree of coherence w,,, (k1, k») as a function
of the coherence parameter 6 is displayed in Fig. 5 for some
FB wave numbers k; and k, in the Brillouin zone, where we
considered the correlations between the first and second bands
n =1 and n = 2. Figures 5(a) and 5(d) show an example at
the same FB wave number, k. In the solid state, a transition
between bands at the same k value is considered a direct tran-
sition. Otherwise, it is known as indirect. Here, we adapt this
nomenclature referring to direct points k; = k, and indirect
ones k; # ky. Therefore, Figs. 5(a) and 5(d) are direct points,
while Figs. 5(b) and 5(c) are indirect points. In both cases,
direct or indirect, as the coherence parameter § increases,
the correlation between bands also increases, reaching the
unit value asymptotically pj, — 1 as § — oo as expected.
However, for indirect points the rate at which the coherence
degree increases is much slower than the rate for direct points.

The resulting beam spectral density is plotted in Fig. 6(a)
against the propagation distance z for § = 0.01c. As expected,
in this low-coherence regime, the influence of the coherence
parameter upon the propagation causes spreading of the beam

1.0
0.6
osk/ 034
0.0 ;
(b) 0 10 20
- 0.0 | | l
) 100 200 300 400
< 5
=
> 1.0 1.0 =
= 0.6 (d)
05/ "2 05 S
0.0 ‘ AKa
(c) | L1020 % ‘ ‘
0000200 300 00 ** 1 2 3
0 0

FIG. 5. Spectral degree of coherence ;(ki,k;) versus the
coherence parameter § for input beam width o = 77 and amplitude
A = 4.0 at various incident angles, correspondent to g = —1.0 (solid
line), ¢ = —0.5 (dashed line), and ¢ = 0.0 (dot-dashed line). Several
spectral degrees of coherence between points of the Brillouin zone
are displayed: (a) k; = k, = —0.3; (b) k; = —0.2 and k, = —0.3; (c)
k, = —0.3 and k; = —0.2; and (d) k; = k, = —0.2.

intensity all over the BZ, resembling the case where there is
no periodic lattice at all, as illustrated.

Now we turn to Fig. 6(b), where the beam center X,(z) is
depicted according to the definition

B J xS(x, z)dx
- fS(x,z)dx '

It can be demonstrated that Eq. (17) has the general
form X.(z) = X.(0) + vz + p(z), where p(z) is a periodic

X (2) a7

100

—d=0 ---6=0.10 ---6=0.0lo
3 !

0 5 10
z

FIG. 6. (a) Beam spectral density S(x,z) with coherence pa-
rameter § = 0 /100. (b) Mean beam center oscillation X,.(z) versus
propagation distance z for three coherence parameters: o, o /10, and
0 /100. For input wave number g = —1.0, input beam width o = 77
and potential amplitude A = 4.0.
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function of z that depends on the correlation between bands
(cr(k)cy(k)) and v denotes the linear ramp which depends
on the average values (|c,(k)|?) for each band n. They both
also depend on the group velocity dp,(k)/dk. The exact
dependence of X, (z) on the cross-correlations Cp, (ky, k) and
the group velocity df,(k)/dk is so intricate that it will be
investigated in more detail in a future work. Nevertheless,
one finds that for an intermediate regime (§ = 0.10), although
the oscillations executed by the beam center undergo damp-
ing, they do not cease to exist. However, as § decreases, the
damping effect is more severe and tends to wipe them off to
the extent that only the rectilinear movement is left. This is
expected to occur in view of the previous discussion involving
the direction of the group velocity of a Gaussian wave packet,
which is determined by the band diagram illustrated at the
top of Fig. 1 and by the distribution of the absolute squared
Floquet-Bloch coefficients for each band, like the ones shown
in Fig. 2. Here, the group velocity of the propagating beam
is severely affected when additional FB modes are excited in
various bands due to the low spatial coherence (see Fig. 4) of
the incident beam. As a consequence, the number of modes
belonging to the final superposition increases, changing sub-
stantially the correlations between the various modes. The
consequence is that the averaged group velocity will not main-
tain periodic coherence during propagation.

IV. CONCLUSIONS

We have presented a theory of diffraction of partially
coherent paraxial optical beams propagating through a

periodic medium. Within the framework of Floquet-Bloch
waves, we have considered a linear combination of FB modes
with random coefficients to obtain a general expression for
the cross-spectral density W (x1, x», z) at propagation distance
z. Considering as input a Gaussian-Schell beam, we have
shown that weak correlations may modify severely the power
distribution of the FB modes by spreading the power among
additional FB wave vectors, in contrast with the fully coherent
beam, whose FB power content is localized within a finite
bandwidth in the neighborhood of the input wave vector. In an
intermediate regime of coherence the modes tend to broaden
up to the point of low coherence, where the power distribution
is extended to all over the BZ and the beam profile can hardly
note the grating.

A knowledge of the changes as light propagates through
the transverse periodic medium in the presence, as well as in
the absence, of field fluctuations is necessary to understand
their influence upon light transport. These properties depend
basically on the band structure. By introducing the statistical
properties of the optical field in the investigation of beam
propagation, one should unravel useful phenomena that will
lead to remarkable techniques that manipulate light using the
notion of coherence.
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The propagation of a Gaussian-Schell beam through a
PT-symmetric optical lattice, whose index of refraction
is represented by a sinusoidal type of function, is theo-
retically investigated. Within the framework of standard
coherence theory, one is able to access and elucidate unex-
pected consequences of the interplay between the spatial
coherence properties of the beam and the non-Hermitian
nature of the photonic lattice. We describe how one may use
a non-Hermitian periodic medium to enhance the spatial
coherence properties of a partially coherent beam. © 2024
Optica Publishing Group

https://doi.org/10.1364/0OL.512326

In the last decades, investigations on optical systems described
by non-Hermitian Hamiltonians have revealed a great deal of
exotic optical phenomena with no counterpart in a Hermi-
tian environment, particularly those Hamiltonians which are
simultaneously symmetric under both space inversion (parity
P) and temporal reversal (T), i.e., the PT-symmetric Hamilto-
nians. Effects, such as loss-induced optical transparency [1],
non-reciprocal diffraction patterns [2], power oscillations [3],
and enhanced transmission [1], among many others, were dis-
covered. The depart of the optical system from its Hermitian
character can be described by a parameter which measures the
ratio between the complex part and the real part of the refractive
index. Once this parameter reaches a critical point [4], the PT-
symmetric system undergoes a spontaneous symmetry breaking,
meaning that a real eigenvalue solution of the wave equation
bifurcates into a pair of conjugate complex values, i.e., the sys-
tem undergoes a phase transition to the complex plane. As a
consequence, some eigenmodes of the Hamiltonian will decay,
while others will grow indefinitely, and this is the origin of the
exotic properties they exhibit.

Considering the remarkable techniques available nowadays,
the development of artificial materials specifically designed to
contain spatially distributed balanced gain and loss, in a PT-
symmetric arrangement, has provided the ideal conditions to
investigate PT-symmetric optical materials. Considering the
analogy between the optical paraxial wave equation and the
Schrodinger equation, the index of refraction plays the role of the
PT-symmetric potential. Therefore, the complex index of refrac-
tion abides by the relation n(r) = n*(-r), and consequently, its
real part is an even function of r in contrast with the imaginary
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part which is odd. Nowadays, researchers have realized that the
application of the ideas of PT symmetry and exceptional points
to optical systems has opened an important area of research in
integrated photonics [5].

However, there is one particular important aspect of the optical
fields that has to be taken into account in real physical systems:
the fact that the optical field fluctuates. For a thorough real-
istic theoretical investigation in PT-symmetric optical systems,
one should include the contribution of spatial correlations. To
include randomness here, one can rely on classical optical coher-
ence theory which is based on observable quantities, in the sense
that these quantities can be measured in an experiment using
ordinary optical instruments [6].

Motivated by these remarkable phenomena which have the
potential to inaugurate a new era of photonic devices, we have
investigated the interplay between the Bragg scattering and the
PT symmetry of a partially coherent optical beam that trav-
els through a one-dimensional periodic PT-symmetric structure.
The simpler deterministic Hermitian version of this system sus-
tains optical power oscillations, due to the coupling between
the beam and the periodic structure. These oscillations occur
between a particular pair of transverse modes, i.e., those related
with the Bragg resonance condition [7,8]. Furthermore, it is
well-known that interference effects are severely modified by the
correlation properties of light. Therefore, inspired by all of these
facts and guided by the standard coherence theory, in this Letter,
we set out to study the Bragg diffraction of a Gaussian—Schell
beam [9] propagating through a PT-symmetric sinusoidal opti-
cal lattice. We find that the peculiarities typical of PT-symmetric
systems are modified by the spatial coherence properties of the
beam. These, in turn, are severely modified by the PT-symmetric
medium which induces correlations to incoherent beams, as we
proceed to describe.

Let us begin by considering a statistically stationary scalar
optical field ¥ (x, z, t) propagating mainly along the z-direction
through a periodic medium along the transversal direc-
tion x, characterized by its cross-spectral density Wy,(z, w) =
W(x,, x,, 2, w), defined as the Fourier transform of the mutual
coherence function T'(x;,x,,7) = (W*(xy, O (xa2, ¢+ 7)). The
field varies in the (x,z) plane and w is the angular frequency.
The cross-spectral density can also be directly written as a
correlation function W(x,, x,,z, w) = (Y*(x1, 2, O (X2, 2, W)) o
where ¥/(x, z, w) is the space—frequency component of the ana-
lytic signal ¥ (x,z,t) at frequency w and the average is taken
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Fig. 1. (a)Real (blue) and imaginary (orange) parts of V(x) whose
period is 27 and assuming V, = 0.05. (b) Real and (c) imaginary
parts of the effective potential V' (x, x,). The non-Hermitian lattice
is characterized by 8 = 0.5.

over an ensemble of monochromatic realizations all having the
same frequency [10]. The dependence upon w is omitted from
now on. Assuming that each element of the ensemble repre-
senting the optical field satisfies the paraxial wave equation
W.(x,2) + Yo (x,2) + V(x)(x,z) = 0, it is easy to demonstrate
that the cross-spectral density evolves according to [11]

(9 le(Z)

oz ok o

2
+ (— - 0 3 )W12(Z) + VWi =0, (1)
where V;, = V(x,) — V*(x;) is the effective potential represent-
ing the transverse variations of the refractive index profile
V(x) relative to a substrate where the heterogeneous material
is deposited. Please take note that the paraxial wave equation
defined here differs from the one presented in Ref. [11].

We assume that V(x) satisfies the PT-symmetry condition,
i.e., V*(=x) = V(x) and write V(x) = V,(cos x + iB sin x), where
Vi, and B are the real parameters. Here, 5 is a measure of the
depart of the system from its Hermitian character. By increas-
ing it, one enhances the imaginary part driving the spectrum of
the Hamiltonian to the complex plane. In summary, while each
member ¥ (x, z) of the ensemble evolves under the potential V(x),
the cross-spectral density Wy,(z) propagates through an effective
potential function V' (x;, x,). Figure 1 displays both potential pro-
files V(x) and V(x,, x,). The periodic potential has a symmetry
breaking point at 8. = 1. For values of 8<p,, the propagation
constants are real (for each member of the ensemble), and the
field profile remains bounded during propagation. In the case
B>p., the propagation constants acquire positive and negative
nonzero imaginary values and the propagation is unstable. At
B = ., the field evolves under a nontrivial dynamics [12].

The simplest nontrivial model of a random optical beam is the
Gaussian—Schell beam, and therefore we choose one for which
the initial correlation profile is given by

Win(0) = e—(x%+x§>/4az e—<.n—xz>2/262 e (2

where o is related to the initial beam width, ¢ is the coher-
ence parameter, and ¢ is the incident transverse wavevector,
which must be chosen at the edge of the Brillouin zone, for
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Fig. 2. Stochastic beam dynamics in a real lattice with 8 = 0.
(a) Beam center X.(z) and (b) beam width AX(z) for 6 = 80 (blue),
20 (orange), and 10 (yellow). The plots in (c) display the spectral
density S(x, z) evolution in the (x, z) plane for the three values of 6.
Parameters used: oo = 40, Vy = 0.1, and g = 1/2.

the Bragg resonance to occur. The beam is fully coherent in
the limit 6 — oo. The initial spectral density is described by a
Gaussian function S(x, 0) = W(x, x,0) = e/, To numerically
solve Eq. (1), we write it as dW»(2)/9z = i(V}, + V)Wia(2),
where V3, = 6%/dx; — 0%/ 6x1 The formal solution to this equa-
tion is given by Wi,(z) = €Y= W,(0) such that W,,(z + dz) =
TR VEW, (7). By using the approximated expression for the
exponential, ¢“V2*Y) x ¢V4/2614:Vh V2 one can iterate this
last equation, introducing an error O(dz?) at each step. Then, the
operator ¢“"12 can be applied to the resulting field by using the
fast Fourier transform [13].

To characterize the optical beam propagation, we use the
normalized moments A, of the spectral density S(x, z), defined

as
A(z) = % [:’ x"S(x, z) dx, 3)

where P(z) = [ :o S(x, 7) dx is the transverse beam power at prop-
agation distance z. The beam center is given by the first moment
X.(z) = Ai(2), and one resorts to the second moment to define the
beam width as the root mean square, AX(z) = [A,(z) — A%(2)]'>.
The effective degree of spatial coherence yu is given by

/ |W(x1,x2, Z)|2 dx,dx,

H(z) = ;
[ / S(x, 2) dx}

4

It should be noted here that Eq. 4) characterizes the spatial
coherence of a light beam by taking into account its intensity
[14].

Now we are ready to investigate the properties of the random
beam on propagation, beginning with a real lattice (8 = 0). Let
us turn to Fig. 2, where the evolution in space of the beam center
(a) and the beam width (b) are illustrated for three values of the
coherence parameter. We find that partial coherence promotes
the damping of the oscillation movement, and the more incoher-
ent, more severe the effect up to the point where the coherence
becomes so low that the beam center hardly oscillates, as if
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Fig. 3. Beam evolution of partially coherent light in a PT-
symmetric periodic potential below the symmetry breaking point
B = 0.8. (a) Beam center, (b) beam width, and (c) spectral density
in the plane (x,z). The coherence parameters are § = 10 (yel-
low), 6 = 20 (orange), and § = 80 (blue). Continuous (dashed) lines
represent g = 0.5 (¢ = -0.5).

the lattice has been washed out. In Fig. 2(c), the spectral den-
sity is depicted in the x—y plane exhibiting the damping of the
oscillations as the coherence decreases.

These findings can be elucidated by considering the excita-
tion of an ensemble of Floquet—-Bloch modes that describes the
dynamics of a partially coherent beam [15]. Recent research has
shown that optical beams characterized by a low spatial coher-
ence exhibit a larger number of excited Floquet-Bloch modes
when compared to fully coherent beams. This phenomenon
results in a complex propagation dynamics wherein both the
central position and the width of the beam undergo nontrivial
changes on propagation. The observations presented in Fig. 2
are confirmed by earlier studies in the field.

We proceed by considering a complex lattice below the sym-
metry breaking point (8<1) and compare the results with the
Hermitian ones shown in Fig. 2. To this end, we turn to Fig. 3,
which is identical to Fig. 2, with the same parameters, except
for the complex lattice. Furthermore, besides the wavevec-
tor ¢ = 1/2, Fig. 3 shows the dynamics for both ¢ = £1/2 to
illustrate the non-reciprocity aspect of the dynamics. In all cir-
cumstances, the beam center, the beam width, and the spectral
density exhibit complete different behaviors depending on the
initial wavevector, which is a manifestation of the non-Hermitian
nature of the medium. It may be noted that beams with a low
degree of coherence for ¢ = .5 do not exhibit the interference
pattern, which is more visible in the high-degree regime. This
fact is expected in the optical coherence theory [15], indicating
that the decrease in spatial coherence erases the presence of the
lattice, and the beam proceeds in the same direction and with
steady intensity. On the other hand, for g = —.5, the interfer-
ence pattern is still there although with its contrast distorted and
reduced as the width increases. In all cases, the overall effect of a
lack of spatial coherence provokes a damping of the oscillations
of both the beam width.

Letter
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Fig. 4. Beam evolution of partially coherent light in a periodic
potential at the symmetry breaking point 8 = 1. (a) Beam center.
Continuous (dashed) lines represent g = 0.5 (¢ = —0.5). (b) Evo-
lution of the spectral density for various values of the coherence
parameter. (c) and (d) show the spectral density in the plane (x, z) at
g = 0.5 and g = —0.5, respectively. The coherence parameters are
¢ = 10 (yellow), 6 = 20 (orange), and 6 = 80 (blue).

Let us now compare the dynamics of the beam just described
with the nontrivial dynamics exhibited at the symmetry break-
ing point S = 1. To this end, we turn to Fig. 4 where four
panels present the evolution of (a) the beam center for g = .5

(continuous line) and ¢ = —.5 (dashed line), (b) the maximum
spectral density, and (c) and (d) the spectral density in the plane
(x = z) for g = .5 and g = -.5, exhibiting the non-reciprocal and

nontrivial behavior. The oscillations disappear. It is clear that
for g = .5, the beam propagates immune to diffraction, along
a straight line and consequently the beam center follows this
line. While for g = —.5, the beam experiences normal diffrac-
tion so that the beam center does not move. This result is very
similar to the result obtained in the deterministic version of the
Bragg diffraction in a PT-symmetric optical lattice [16], and one
might conjecture at this point that the interaction with the non-
Hermitian medium could possibly induce correlations into the
beam on propagation.

Note that the overall behavior of the random beam at the
critical point is essentially the same as that of a fully coher-
ent beam, except for the maximum spectral density which is
quite depressed in the presence of fluctuations as it is illus-
trated in Fig. 4(b). Consequently, the spectral density clearly
exhibits the saturation of the secular Bragg scattering for wide
beams, mentioned in the literature and considered as a signa-
ture of spectral singularities that arise at the symmetry breaking
point [13,17]. For S<g., oscillations although damped, are still
present. Increasing the complex content, they disappear accord-
ingly until the critical point is reached where they disappear.
Although there is a strong influence of the fluctuations on
the value of S,,,, both the beam center and beam width are
quite robust under the lack of correlations. This robustness
is attributed to the overall qualitative behavior that the ran-
dom system experiments which is essentially the same as the
fully coherent one. By diminishing the beam’s degree of coher-
ence, one drives the system to a deterministic behavior, and
this explains why one may conjecture on the generation of spa-
tial correlations, promoted by the non-Hermitian medium. To
understand this feature, one may resort to the concept of spatial
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Fig. 5. Effective degree of coherence (z) as a function of propa-

gated distance z for a PT-symmetric lattice (a) below and (b) above

the symmetry breaking point.

degree of coherence of the input field and inspect its properties
under propagation through a PT-symmetric photonic lattice, as
we show in the following.

Figure 5 gives a remarkable example of the interplay between
spatial correlations and non-Hermitian phenomena. Part (a)
depicts the effective degree of coherence u(z) on propagation
for various values of 8 and ¢ as a function of z, below the
symmetry breaking point (0<S<1 ), while part (b) exhibits the
behavior above the symmetry breaking point (8>1). In (a), the
effective degree of coherence oscillates about its initial value
during propagation. Additionally, we note that the amplitudes of
the resulting oscillations depend on the state of coherence at the
input. So, for very high or very low coherence at the input, the
oscillations are quite feeble.

Past a breaking point, a quite unusual dynamics emerges,
showing that the degree of coherence actually increases on
propagation, more intensely for beams with a lower degree of
coherence and also for values of § in the neighborhood of the
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breaking point. By inspecting Fig. 5(b), one finds that a lower
coherence at the input may reach a greater value of the degree
of coherence when g is smaller. Thus, an initial degree with
6 = 10 and B = 1.2 reaches a higher value than an initial degree
with § = 25 and 8 = 1.5. Thus, an optimal combination of these
parameters may be used to control the spatial correlations of
partially coherent beams. A similar unusual phenomenon where
correlations are generated by non-Hermiticity has been recently
reported in a waveguide system, with loss only [18].

In summary, we have investigated the interplay between the
PT symmetry and spatial coherence in the Bragg scattering. The
overall effect of decreasing the spatial coherence is to promote a
damping in the oscillations executed by the beam center and the
beam width. Below the symmetry breaking point, the degree of
coherence is more affected in a regime where spatial coherence
is neither too high nor too low. Above the breaking point, the
effective degree of coherence increases more intensely for beams
with low spatial coherence. Thus, one concludes that the com-
plex medium generates spatial correlations to the initial beam.
By introducing fluctuations, one is adding an important asset to
unravel new techniques in the control of the flow of light, via
the manipulation of the beam coherence properties.
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