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Abstract

In this work, we prove that the set of link-homotopy classes of generalized string links
over a closed, connected and orientable surface M of genus g > 1 form a group, denoted
by EZ(M ) and we find a presentation for it. Moreover, we prove that its normal subgroup
@n(M ), namely, the homotopy string links over M, is bi-orderable. These results extend
results proved by Juan Gonzalez—Meneses in [GM], [GM2] and Ekaterina Yurasovskaya
in [Y], respectively. Also, we obtain an exact sequence for link-homotopy braid groups,

which is an extension of [Go, Theorem 1].
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Introduction

In 1925, Artin introduced the study of braid groups, which is closely related to the
study of knots and links. Artin obtained an important result, namely, the presentation
theorem for braid groups, which gives a presentation for the braid groups over the unit
disk, a result which allows us to recognize this group through its generators and the
relations between its elements. Since this early result, the theory of braids had developed
in many directions with works of Alexander, Goldberg, Markov, Birman, Goldsmith,

Rolfsen, Gonzélez—Meneses, Paris and others. The basic theory can be found in [BJ.

Nowadays, two research areas in development are braids groups on surfaces and link-
homotopy braid groups over surfaces. The presentation theorem obtained by Gonzalez—
Meneses |[GM] for the braid groups on surfaces is a generalization of Artin’s presentation
for the braid groups over the disk. In his recent work, Gonzalez—Meneses found the smal-
lest presentation for braid groups over surfaces. In particular, he produced a presentation
for the braid groups over closed and orientable surfaces of genus ¢ > 1 and over non

orientable surfaces of genus g > 2.

Recently, Rolfsen, Dynnikov, Dehornoy and Wiest, demonstrated topological reasons
for the existence of a left-ordering of the braid groups over the disk, i.e., there is a strict
total ordering of the braids that is invariant under multiplication from the left. They also
showed the pure braid groups over the unit disk are bi-orderable, i.e., there is a left and
right invariant strict total ordering for this group, for details see |R]|. Later, Gonzalez—
Meneses in [GM2], proved that the pure braid groups over orientable surfaces, with genus
g > 1, are bi-orderable too. For n > 3, the pure braid group of the sphere PB,(S?) has

torsion, so it is not bi-orderable.

Along these same lines, we can study generalized string links, which informally are

generalizations of braids. The difference is that for the former, we consider embedded



strands up to link-homotopy, whereas for the latter, we consider embedded strands up
to isotopy. We say that generalized string links are generalizations of braids since a link
homotopy always involves a finite numbers of isotopies and crossing changes (see [Mil]
and [HL]).

One of the properties of link-homotopy is to allow that each string in a generalized
string link has self intersection, i.e., to allow that it has a finite number of self crossings
(crossing changes). The generalized string links with this last equivalence relation, with
the operation of concatenation, become a group, called the homotopy generalized string
links over surfaces. Ekaterina Yurasovskaya in her PhD thesis [Y] (supervised by Dale
Rolfsen), obtained a presentation in terms of generators and relations of the group of
link-homotopy classes of string links based on a closed orientable surface. Furthermore,
she also proved that the group of homotopy string links over the disk is bi-orderable. Note

that when we say only “string links” we refer the pure case of generalized string links.

In this work, we prove that the set of link-homotopy classes of generalized string links
over a closed, connected and orientable surface M of genus g > 1 form a group, denoted
by Z?;(M ) and we find a presentation for it. Moreover, we prove that its normal subgroup
f’?n(M ), namely, the group of link-homotopy string links over M, is bi-orderable. These
results extend results proved by Juan Gonzalez-Meneses in [GM], [GM2]| and Ekaterina
Yurasovskaya in [Y], respectively. Also, we obtain an exact sequence for link-homotopy

braid groups, which is an extension of [Gol Theorem 1].

Specifically, in Chapter 1, will be introduced the braid theory: the construction of
braid groups over surfaces, its presentations and the orderability theory for these groups.
Moreover, will be discussed tools for find presentations and orderability theory of certain

groups which will be very important to prove our aims. This chapter was extracted from
the following references: [GM], [DDRW], [Y] and [GM2].

In Chapter 2 will be presented the theory of homotopy string links over surfaces. More
specifically, will be given its definitions, notations and its constructions as a group and
a presentation for it. Also, will be studied the orderability theory for certain quotients
of free groups, namely, reduced free groups. This chapter was extracted from Ekaterina
Yurasovskaya’s PhD thesis in [Y]. The basics references used in this chapter are [DDRW],
M), [HL], [Mag] and [E].

In Chapters 3 and 4 will be obtained the main results, goals of this thesis. In Chapter
3, will be extended the results of [GM2] and [Y], proving that the homotopy string links

over surfaces, namely f/’En(M ), is bi-orderable. For this, will be used some techniques
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introduced by |[GM3|. Moreover, will be obtained an exact sequence for link-homotopy
braid groups, which is an extension of |[Gol, Theorem 1]|. Finally, in Chapter 4, will
be defined the generalized string links over surfaces, an extension of the definition of
string links over surfaces. Will be shown that the set B:L(M ) of link-homotopy classes of
generalized string links over a closed, connected and orientable surface M of genus g > 1
becomes a group (with FE”(M ) C Z?;(M ) as a normal subgroup) and will be given a
presentation for it. This result generalizes results proved by [GM].
All the figures in this thesis were extracted of [Y], [GM] , [GM2] and [GM3].






Chapter

1

Braid groups

In this chapter, we will give a brief introduction to the surface braid theory and we
introduce presentation and ordering theory for surface braid groups that will be useful as
tools for the results of this thesis. The basic references used in this chapter are: [DDRW],
[GM], [GM2] and [GM3].

1.1 Surface braid groups

This section was extracted from New Presentations of Surface Braid Groups by Juan
Gonzalez—Meneses in [GM]| and Homotopy String Links over Surfaces by Ekaterina Yura-
sovskaya in [Y].

Definition 1.1.1. [GM] p. 431]| Let M be a closed (compact without boundary) surface,
not necessarily orientable, and let P = {Py,..., P,} be a set of n distinct points of M. A
geometric braid over M based at P is an n-tuple v = (7, ...,7,) of paths, v; : [0,1] — M,
such that:

(1) %(0) = P,foralli=1,...,n,
(2) (1) eP, forali=1,...,n,
(3) {m(t),...,v(t)} are n distinct points of M, for all ¢ € [0, 1].

For all e =1,...,n, we will call ; the i-th string of ~.
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Remark 1.1.2. In the Definition is equivalent to consider each strand ~y; from [0, 1]
to M x [0,1] defined by ~i(t) = (v:(t),t) in the cylinder M x [0,1]. By this way, we see
that there is not intersection in different heights t1, ty in [0, 1] and thus, the condition (3)

ensures that different strands never intersect.

“ Two geometric braids based at P are said to be equivalent if there exists a homotopy
which deforms one of them into the other, provided that at anytime we always have a
geometric braid based at P . We can naturally define the product of two braids as induced
by the usual product of paths: for every i = 1,...,n, we compose the string of the first
braid which ends at P;, with the i-th string of the second braid. This product is clearly
well defined, and it endows the set of equivalence classes of braids with a group structure.
This group is called the braid group on n strings over M based at P, and it is denoted by
B, (M, P). It does not depend, up to isomorphism, on the choice of P, but only on the
number of strings, so we may write B,,(M) instead of B, (M, P).

A braid v = (71,...,7,) is said to be pure if v;(1) = P, for all i = 1,...,n, that is,
if all its strings are loops. The set of equivalence classes of pure braids forms a normal
subgroup of B,(M,P) called pure braid group on n strings over M based at P, and
denoted PB,(M,P). Again, we may write PB, (M) since it does not depend on the

choice of P. ”

Remark 1.1.3. In |[GM]|, Gonzdlez—Meneses gives the presentations of B,(M) and PB, (M),
when M is a closed surface not necessarily orientable. For our purposes, we will consider

just the case which M is a closed, orientable surface of genus g > 1. For more details,

see |GM].

Recall that M is a closed and orientable surface of genus g > 1. First, let us obtain a

geometrical representation of a braid over M: we represent M as a polygon L of 4¢ sides,
identified in the way of Figure [I.1}

ag

ay Q29

k _____ Q291

Figure 1.1: The polygon L representing M [GM].
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“ We could now take the cylinder L x I, where [ is the closed unit interval [0, 1], and
represent a braid v over M as it is usually done for the open disc, that is, in L x {t} we
draw the n points v (t),...,7,(t) but in this case, a string could “go through a wall” of
the cylinder and appear from the other side. Hence, if we look at the cylinder from the

usual viewpoint, it would not be clear which are “crossed walls”. ”

e

Figure 1.2: Two different ways to see a braid on a surface [GM].

“ Now, let us define the generators of B,(M). We choose the n base points along the
horizontal diameter of L, as shown in the Figure[I.3] Now, given r, 1 < r < 2g, we define
the braid a,, as follows: its only nontrivial string is the first one, which goes through the
r-th wall. Just for notation, the first string will go upwards if r is odd, and downwards
otherwise.

We also define, for all © = 1,...,n — 1, the braid o; as in the same figure. Note that

o1,...,0,_1 are the classical generators of the braid group B, (D) of the disc. We will see
later that the set {ai1,...,a124,01,...,0,_1} is a set of generators of B,(M). ”
Q2k ~o - 2k i

'
1 \
‘
~. m" Sz et

Q2k+1

A2k+1 a2k ag;

Figure 1.3: Elements of B, (M), where a, = a1, |[GM].

“ We observe that the classical relations in B,(D):

O'iO'j = O'jO'Z‘, |’L —j‘ Z 2
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0i0i410; = 0410041, 1 <1< n—2,

still hold in B, (M). Also,ifi € {2,...,n—1} and r € {1,...,2g}, then the non-trivial
strings of o; and the one of a;, may be taken to be disjoint. This implies that these two

braids commute. Hence we have:

a1,0; =041, , 1 <r <29, 1>2.7

“ 'Pi[\Pi+L “
{ pee *e )
\ 1 \ ) i

Qe

Figure 1.4: The braid a; ,0; [GM].

“ Now, in order to find more relations between the set of generators, we do the following
construction: denote by s, the first string of a;,, for all » = 1,...,2g, and consider all
the paths si,...,s9,. We can “cut” the polygon L along them, and “glue” the pieces
along the paths ay1,...,a;2,. We obtain another polygon of 4¢g sides which are labeled
by s1,...,S2, (see in the following figure the case of a surface of genus 2, the general case
is analogous). We will call this new polygon the P;-polygon of M, since all of its vertices
are identified to P, while L will be called the initial polygon. We obtain in this way a

new representation of the surface M. ”

Figure 1.5: The initial and the P;-polygons of a surface of genus 2 [GM].

“We will use the Pj-polygon to show three more relations in B, (M). For instance,
consider the product of braids a;; - - augaf& e afég. If we look at P;-polygon, we see
that it is equivalent to the braid on Figure [I.6] Also, this one can be seen in the initial
polygon as a braid that does not go through the walls, namely, an element of B, (D),
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the braid group of the disk. Then, we can easily see that it is equivalent to the braid
01+ Op 902 0y 9+ -01. So we have:

1

-1 — 2 9
a/171 .. .a1729a1’1 .. .a1729 — 0'1 PR O-n—ZO-n_IO-n—Q .. .0'1‘

Figure 1.6: The braid a1 - - - a104a717 - - - a35, [GM].

“ Now, for each r =1,...,2g9 — 1, we define the braid:

Agp = 01(a1,1 -+ Q1107 4y -+ Gy 50)07

We will use the Pi-polygon to see how it looks like. In the left hand side of Figure [I.7],
we can see a braid which is equivalent to A, ,. (if 7 is odd, the other case being analogous).
If we “cut” and “glue” to see this braid in the P;-polygon, we obtain the situation of the
right hand side of Figure [[.7] That is, Ay, can be seen as a braid whose only nontrivial

string is the second one, which goes upwards and crosses once the r-th wall s,.. ”

Qr—1 @, Qrs1 4l g8,  Fr=1

Figure 1.7: The braid A, in the initial polygon and in the Pj-polygon [GM].

“ Note that, unlike the case of a;,, As, always points upwards in the P;-polygon, no
matter the parity of . Therefore we have seen that the braid As, can be represented by

a geometric braid, whose only non trivial string can be taken disjoint from all the paths
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s¢, t # r. This implies that
a17tA2,r = A2,ra1,t7 1 S t S 297 1 S r S 29 - 17 t 7& T.
Now, we finish our set of relations by considering the commutator of the braids
(a11---ay,) and Ag,, for all » = 1,...,2g — 1. In Figure we can see a sketch of
the homotopy which starts with this commutator and deforms it to a braid equivalent to

o?. Therefore, we obtain the relation:

(a11 - a1,)Az, = U%AQ,r(al,l cary), 1<r<2g—1.7

Sp 8¢
~ il ~
~ ~
-~ 4 ~
\ A
L3 81 1
\ \
- - L] P'[ . - L] -
P :‘ P, )
i \ !
I ) I
r \ !
by
s -
’ L -~ rd
2 - -

L e =¥

8p

Figure 1.8: The braid [a11 ceeayy, Ayl [GM]

The following theorem follows from all of the previous results statements.

Theorem 1.1.4. [GM|, Theorem 2.1| If M is a closed, orientable surface of genus g > 1,
then B, (M) admits the following presentation:

o Generators: o1,...,0,-1, 011, .., 412

e Relations:
(R1) 0,0, = 0j0y, i—j| > 2;
(R2) 0i0i110i = 0i110i0i41, 1<i<n-—2;
(R3) IRERE a1,2gaill - ai%g =0y 0n720i710n72 o,
(R4) afl,rAQ,s = A2,sa1,'m 1<r<2¢; 1<s<29—-1; r#s;
(R5) (@11 a1,) Az, = 03 As,(a11 - a1,), 1<r<29-1;

(R6) a1,0; = 0401 1, 1 S T S 2g, ) 2 2.
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Now, to give the presentation of PB, (M), let us know the generators and the relations
for this group.
For the generators of PB, (M), consider:

1. Let a;, be the braid such that the ¢-th string goes through the r-th wall. This string

will go upwards if r is odd, and downwards otherwise. The other strings are trivial.

2. Let T} ; = 040441+ -~ aj,za]{laj,g -+ 0;410; the braid that starts in P;, goes around
P; from the back and turns back to P; passing in front the points P;, ..., Pi1;. The

other strings are trivial.

The braids defined previously are given in Figure [1.9

’ B £ \ Y =
1 N 7 \ I Ay
; \ / \ ; \
' A ’ \
) \ ’ \ ;’ P &
FA P; Fo [/ B F; LA S T i Pan,
L]

{ L I LN ] Y o L LN P [ ] *0)e @ ]
v ;oA 7k /
\ ; \ ’ \ '
\ ’ \ ‘ \ ;
\ Fi \ ’ \ ‘
\ ' \ ¢ ¥ N
v ] \ ¥ \ N
s / \ ut s .

-

= Qzk+1

Figure 1.9: The braids a;, and T;; [GM].

“ We will denote by s;, the i-th string of a;,. One can easily show that for any ¢, the
set of paths {s;1,..., 5,24} generates m (M). Now, for any i € {2,...,n} we can define
the P;-polygon as we defined the Pj-polygon: we cut L along s;1, ..., s;2, and glue along
Q1,05 We define, for 2 < j <nand 1 <r <2g— 1, the braid:

-1 -1
Aj,”‘ = aj71 e a’jﬂ’—la‘j,r-i-l e a’j,29‘

Like in the representation of As, in the P;-polygon, A;, can be represented in the

P;-polygon (for 1 < i < j), as the braid on Figure [1.10, whose only nontrivial string

is the j-th one, which goes upwards and crosses once the r-th wall s;,. Note that this

representation does not depend on ¢, but it is only valid when ¢ < 5. ”

Pig + o v bpa )

5

Figure 1.10: A;, in the P;-polygon [GM].
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Now, let us enunciate the presentation of PB,(M). For more details about the rela-
tions, see [GM].

Theorem 1.1.5. [GM), Theorem 4.2 PB, (M) admits the following presentation:

Generators: {a;,; 1 <i<n, 1 <r <29} U{Tj;; 1<j<k<n}.

Relations:

(PR1) a,fa, by b 001002 - Gn2g = H in—1Tin;

(PR2) aipAjs = Ajsaip, 1<Z<]Sn;1§7“§29§1§8§29—1;7"7é3;
(PR3) (aiq-- a”)Ajm(a;?}-na;ll)Aj_’ =T, Tl_] 1 1<i<j<ml<r<2g—-1;
(PR4) T; ;T = Ty, T 5, 1<i<j<k<l<norl<i<k<l<j<n;
(PR5) Ty T3, Ty} = Tik 1Ty T Tiy i Ty it 1<i<k<j<l<m;
(PR6) a;, T = T} pair, 1<i<j<k<norl<j<k<i<nl<r<2g;
(PR7) as, (jzg caj Tykajg - aj1) = (055, - a5 Tjkajog - aj1)ai,, 1<j<i<k<n

J— . . “ .. B -1 . 71
(PR8) Tjn = (H az?g ) T;5- IT ai1- al,2g> Aj1c Q529051 Qjog-

-1
Where Aj s = a; - ajys,lajﬁﬂ T,

Remark 1.1.6. In the next two sections will be shown the tools that we will use to find

the presentation of the group defined in Chapter 4. These are the same tools used in [GM]

to find the presentation for the surface braid groups, namely, Theorems|1.1.4) and|1.1.5,.

1.2 Methods for finding presentation of groups

This section was extracted from New Presentations of Surface Braid Groups by Gonzéalez—
Meneses in [GM].

“ Consider an exact sequence of groups A, é, G:

1 A—-G- 1@ 1 (1.2.1)

Suppose that the groups A and G admit presentations (X; R4) and (Y; Rg) respec-
tively, where X and Y are sets of generators, while R4 and Rg are sets of relations. The

following well-known procedure outlines a method for putting together a presentation
of G:
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Generators of G: Let X = {# = i(z); x € X} be the images of the generators X
of A under the homomorphism i. Now, given y € Y, let y denote a chosen pre-image
of y under p, i.e., p(y) = y. Define Y = {7; y € Y} the set of all such pre-images.
Then X UY constitute a set of generators for G.

Relations: There are three types of relations in G:

Type 1: Relations of the form éA = {Ta; ra € Ra}; where EA is the set of
words in X obtained from R4 by replacing each = by z. Thus each 74 is an

image under the injective homomorphism ¢ of a relation r4 in G.

Type 2: Let 7¢ be a word obtained from a relation rg in Rg by replacing
each y by its chosen pre-image y. We see that p maps r¢ in G to relation rg
in G, therefore 7 lies in the ker(p). Since the sequence ((1.2.1)) is exact, we
know that ker(p) equals the image i(A) of A under the homomorphism . Thus

rg = w,, where w, is a word in X. We thus have a second set of relations:
Ra = {fG =Wy, Tg € Rg}

Type 3: Choose any ¢ from the set Y of chosen pre-images of the generator set
Y under p. The image of A under 7 is a normal subgroup of G , therefore each
conjugate of generator & again belongs to i(A). Thus 27! can be written as

a word w, over the generators X of the kernel. We put
C={jig "' =ws v€X, jEY}

Proposition 1.2.1. [J, pp.138-140] With the previous notation, the group G has the
presentation

<5{'7 }77 éA; EG? 5>

The following result is an alternative group presentation, which is equivalent to the
group presentation of Proposition [1.2.1]

Lemma 1.2.2. [GM|, Lemma 4.1 | Let F(2g) be the free group freely generated by {1, ..., x4}
Set X, = @y xp12, ) - x5, . Then {Xi,...,Xo,} is a free system of generators of

F(2g).
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Proof: “ The following are the formula of the change of generators:
o= (X1 X5 X X ) (X Xy - Xog1 X5 ), if ke is odd.

ot = (XOX - XX ) (X X - .)(2—gl_1X2g)7 if kiseven.”

1.3 Ordering braids

This section was extracted from Ordering Braids by D. Rolfsen, P. Dehornoy, I. Dyn-
nikov and B. Wiest in [DDRW].

1.3.1 Ordering a group

Definition 1.3.1. [DDRW, p. 11| A strict ordering of a set ) is a binary relation < that

satisfies the following conditions:
(antireflexive): x < z never holds, for all z € Q;
(transitive): x < y and y < z implies z < z, for all z,y, z € Q.

A strict ordering of €2 is called linear or total if, for all x, 2’ € ), one of the following

holds

r=1a, v< 2’ or ¥ <uw.

Definition 1.3.2. [DDRW! p. 12]

(i) A left-invariant ordering or left-ordering of a group G is a strict linear ordering <

of G that satisfies:
g<h= fg< fh, forall f g,heq.

A group G is left-orderable if there exists at least one left-invariant ordering of G.
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(ii) A right-invariant ordering or right-ordering of a group G is a strict linear ordering

< of G that satisfies:

g<h=gf <hf, forall f,g,heQaG.

A group G is right-orderable if there exists at least one right-invariant ordering of G.

(iii) A bi-invariant ordering or bi-ordering of a group G is a strict linear ordering < of

G that satisfies:

g<h= fg< fhand gf <hf, forall f,g,heQG.

A group G is bi-orderable if there exists at least one bi-invariant ordering of G.

Lemma 1.3.3. [DDRW| Lemma 1.3, p. 12| Assume that G is a group and < is a left-
invariant ordering of G. Define g < h to mean g~ < h™'. Then < is a right-ordering of
G.

Definition 1.3.4. [DDRW| p. 12| A subset P of a group G is called a positive cone
on G if it is closed under multiplication and G \ {1} is the disjoint union of P and
P~' ={p~'; p e P}. In symbols:

i) P-P=P
(i) G\ {1} = Pu P
Lemma 1.3.5. [DDRW,| Lemma 1.5, p. 12]

(i) Assume that < is a left-ordering of a group G. Then the set P = {x € G; = > 1}

is a positive cone on G, and g < h is equivalent to g~*h € P.

(ii) Assume that P is a positive cone on a group G. Then, the relation gh™ € P is a

left-ordering of G and P 1is then the set of all elements of G that are larger than 1.

Remark 1.3.6. Note in the second condition of Lemmal[1.3.5 that if P is a positive cone
on a group G, then the order < defined previously is a left-ordering for the group G.
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Lemma 1.3.7. [DDRW, Lemma 3.1, p. 269| Assume we have an exact sequence of groups:

G—L~H 1,

and, moreover, <y s a left-invariant ordering of N and <y is a left-invariant ordering
of H. For g,q" € G, declare that g < ¢' is true if we have either p(g) <g p(g') or else
p(g) =p(g) and 1 <y g~'g’. Then:

(i) The relation < is a left-invariant ordering of G.

(i) If <y and <y are bi-invariant orderings, then < is a bi-invariant ordering of G,
if and only if, conjugation of N by G is order-preserving, i.e., f <y f implies
gfgt <y gf'g™t, forall f,f' € N and g € G.

Proof: See [MR]. n

1.3.2 Ordering free groups

“ Let F be a free group on the generator set {xi,...,z,}. Let us prove that F is
bi-orderable.

We denote by Z{(Xi,...,X,)) the ring of formal power series in n non-commuting
indeterminates X;. Such series are infinite sums of monomials, each of which is a word

on the letters X;, so they have the generic form:

f= > fwW for fweZ

where { X1, ..., X,,}* denotes the set of all finite length words on the alphabet { X7, ..., X, }.
The length of the word W is called the degree of the monomial fyW. As we consider n

non-commutative variables, there exist n? monomials of degree d.
Addition of Z((Xy,...,X,)) is defined by summing the coeflicients, while multiplica-

tion is given by:

(> fww) (X gww) = ; ( S ngV> W,

uv=w
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We use O(X*) to denote the ideal of Z({X1,. .., X,,)) made of the series involving only

monomials of degree > k. ”

Definition 1.3.8. [DDRW, Definition 2.7, p. 267 Assume that F is a free group and
{x1,...,2,} is a basis of F. The Magnus expansion of F relative to (z1,...,x,) is the

map p:F— Z{(X,,...,X,)) given by p(z;) =1+ X; and p(z; ) =1 - X;+ X2 — -+,
Example 1.3.9. [DDRW], Example 2.8, p. 267] For w = x] ' 2971, we find:

pw)=(1-X,+ X7 — X7+ )1+ Xo)(1 + Xy)

=1+ X2 - X1X2 + X2X1 + X12X2 — X1X2X1 mod O(X4)

Proposition 1.3.10. [DDRW, Proposition 2.9, p. 267| Assume that F is a free group,

and 1 1s a Magnus expansion of F.
(i) The map p is an injective map of F into 1 + O(X).

(ii) For each nonnegative k, the Magnus image of the k-th term in the lower central

series of F is included in 1 + O(X*+1).

“ We can use Magnus expansions to order free groups. First, we order Z{(X, ..., X,,))
as follows: for each d, the natural ordering X; < --- < X, induces a lexicographical order-
ing on monomials of total degree d. We therefore have a natural increasing enumeration
of these monomials. For instance, for n = d = 2, the increasing enumeration of the degree
2 monomials is the sequence (X7, X1 X5, X0 X1, X2). ”

Definition 1.3.11. [DDRW| Definition 2.11, p. 268|

(i) For d > 0 and f € Z{(X1,...,Xn)), say f = >_ fwW, we denote by Cy(f) the
sequence (fw,,..., fwy), where Wi, ..., Wy is the increasing enumeration of all

degree d monomials. We denote by ¢,(f) the sum of all coefficients fw, € Cy(f).

(ii) For f,g € Z{(Xy,...,X,)), we declare that f <S'mLer g is true if there exists d

such that the sequences Cy (f) and Cy(g) coincide for d’ < d, and

e we have ¢4(f) < ca(g), or
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e we have ¢;(f) = ca(g) and the sequence Cy(f) is lexicographically smaller than
the sequence Cy(g), i.e., there is an index k such that the first (k — 1) entries
are the same, and the k-th entry in Cy(f) is smaller than the k-th entry in
Ca(g)-

“ The previous comparison procedure is a variant of the so-called DeglLex-ordering,
where one first considers the degree, and then, a lexicographical ordering inside entries
of a given degree. The specificity here is that we give priority to the sum of all coeffi-
cients corresponding to a given degree before starting the lexicographic comparison, which

explains our terminology. ”

Example 1.3.12. [DDRW,| Example 2.12, p. 268| Let us compare the series f of the
Ezxample with the polynomial g = 1 + Xso. In degree 0, there is only the constant
monomial, and we find Co(f) = Co(g) = (1). In degree 1, the increasing enumeration
of the two monomials is X1, X, and we find Ci(f) = C1(g9) = (0,1). In degree 2, the
increasing enumeration of the four monomials is X, X1 Xo, Xo X1, X2, and we have now
Co(f) = (0,—1,1,0), and Csy(g) = (0,0,0,0). We find co(f) = ca(g) = 0, so we compare
the sequences Co(f) and Cy(g) starting from the left. The second entry of f is smaller

than that of g, so f <S“mker g s true.

Lemma 1.3.13. [DDRW, Lemma 2.13, p. 268| The relation <5“™L* js q linear ordering

of
ZUX1, - Xa))

that is invariant under addition, and under multiplication on either side by an element of

the multiplicative subgroup 1 + O(X).

“ Note that the ordering <5“mfe® on Z((X,,..., X,)) is not invariant under an arbi-
trary multiplication, typically by —1.
Using the Magnus expansion, we define an ordering of every finitely generated free

group with a prescribed basis-naturally called the Magnus ordering. ”

Definition 1.3.14. [DDRW| Definition 2.14, p. 269] Assume that F is a free group and
{z1,...,2,} is a basis of F. For w,w in F, we declare that w <, w' is true if we have

p(w) <Sumber (") where u is the Magnus expansion relative to {1, ..., 2,}.
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Proposition 1.3.15. [DDRW| Proposition 2.15, p. 269] For each finite rank free group
F and each basis {x1,...,x,} of F, the Magnus ordering of F relative to {x1,...,x,} is a

linear ordering that is invariant under multiplication on both sides.

Proof: “ By Proposition [1.3.10((i), the Magnus expansion is injective, so the relation <,
is a linear ordering on F. Its invariance under multiplication on both sides follows from
Lemma [1.3.13] since, by construction, the image of F under the Magnus expansion is

included in the multiplicative subgroup 1+ O(X). ” n

Example 1.3.16. [DDRW| Example 2.16, p. 269] Let us compare x5 and xy *woxy. The

Magnus expansions are
pw(rs) =1+ Xy and p(ay 'zezy) =14+ Xo — X1 Xo + XoX; mod O(X?).

These series have been compared in Example|1.5.19: the latter is <5 smaller than

the former. So we have xl_lxgxl <u Ta.

1.3.3 Ordering semi-direct products

This section was extracted from Homotopy String Links over Surfaces by Ekaterina
Yurasovskaya in [Y].
“ Let H and @ be bi-ordered groups. The direct product H x @) is bi-orderable, under

the lexicographic ordering:
hq < I¢, if and only if, ¢ < ¢'; or q=¢ and h < I'.

Remark 1.3.17. To accommodate semi-direct product written as X, the lexicographic
ordering becomes “eastern” , with comparison starting on the right. The terms lexicographic
ordering refers to the “eastern” lexicographic ordering as defined above.

However, a semi-direct product H x () is not necessarily bi-ordered under lexicographic

ordering, as follows. ”

Example 1.3.18. [Y| Example 8.9 The fundamental group G of the Klein bottle can

be written as a semi-direct product Z X 7 of two infinite cyclic groups. Now write the
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presentation of this group in terms of the generators and relations:
G=(z,y; yoy ' =a").

Consider © # 1 and suppose that x is positive. If G is bi-ordered, then yry=' is also

positive, which is a contradiction to the fact that =1 must be negative. If we assume that

1

x # 1 is negative, then x=" must be positive, and we have the same contradiction.

“ Given elements h € H, and ¢ € ), we let h? denote h under the action of q.
Recall that the multiplication in a semi-direct product H x @) is given by the formula
(h,q)(W,q") = (hW? qq'), where h? = ghq~'. The following result provides a necessary
and sufficient condition for lexicographic ordering of a semi-direct product to be a bi-

order. ”

Lemma 1.3.19. [Y| Lemma 8.10] Let H and @ be bi-ordered groups. Then the lexico-
graphic order on H x Q) s a bi-ordering, if and only if, the action of QQ on H preserves

the order on H. Equivalently, q(Py)q~* C Py, for all ¢ € Q.

1.3.4 Ordering surface pure braid groups

This section contains the proof that PB, (M) is bi-orderable, when M is a closed,
connected and orientable surface of genus g > 1, and was extracted from the work Ordering
Pure Braid Groups on Compact, Connected Surfaces by Juan Gonzéalez—Meneses in [GM2].

“ Given a pure braid b = (by,...,b,) € PB,(M), we can consider, for alli =1,... n,
the loop p; in M constructed as follows: take the i-th string b; (which is a path in
M x [0,1]); p; is the projection of b; over the first coordinate (i.e., over M). Since
b € PB,(M), p; is a loop in M based at P; for all i = 1,...,n, which represents an
element of m (M, P;) ~ m(M). This defines an epimorphism 6,, : PB, (M) — m (M)",
which sends (by,...,b,) to (p1,. .., ftn). ”

The well definition of this epimorphism was proved by Birman in [B].

“ Define K,, = ker(6,,). One has the exact sequence:

1——=K, —== PB,(M) -2 1 (M)" —1.

In order to use Lemma to prove that PB,(M) is bi-orderable, we need to show
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that K,, and 71 (M)™ are bi-orderable. Then we prove that the conjugation of K,, by the

elements of PB,, (M) is order-preserving. ”

Theorem 1.3.20. [KR] The Magnus Order on a free group F is preserved under any

® € Aut(F) which induces the identity on the abelianization H;(F) = UFIFTF]'

“ Let ¢ be a permutation of the set {X;},.; and consider its extension ¥ € Aut(F).
One has the following: ”

Theorem 1.3.21. [GM2, Theorem 2.2| If 4 preserves the order on {X;} then ¥

1<

preserves the Magnus Order on F.

Theorem 1.3.22. [Bal If M is a closed, orientable surface, then 7, (M) is a bi-orderable

group. Thus, 7y (M)" is bi-orderable.

The structure of K,

This section was extracted from Vassiliev Invariants for Braids on Surfaces by Gonzélez—
Meneses and Luis Paris in [GM3].

Consider the “forgetting” homomorphism: p : PB, (M) — PB,_1(M) defined by
p(ﬁ) = p(ﬁl? s >ﬁn) = (527 s 75n) (fOI‘ detaﬂs? see [B])

“ Since K,, is a subgroup of PB,(M), we can consider the image of K, by p. By
definition, it is equal to K,_;. If we denote F,, = kerp N K,,, we obtain the following

commutative diagram, where all rows and columns are exact:

1 1 1 (1.3.1)
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Notice that T, is a free group, since it is a subgroup of w1 (M \ P,_1, P1), which is a
free group. ”

Gonzalez—Meneses shows that there exists a homomorphism o : K,,_; — K,, which is
a section of p and that K, _; acts trivially on the abelianization of I,,. For this, he first
finds a free set of generators for F,,.

“Let Q= {w,...,wy} be aset of 2¢ letters. It is well known that a presentation for
m (M) is

. 1, -1 -1
(€ wiwsg - - - wagwy W, C Wy, = 1).

For every element v € 71 (M) we choose a unique word 5 over QUQ ! which represents
~v. We call this word the normal form of v. Normal forms are chosen in such a way that
they are prefix-closed (namely, if wjw, is a normal form, then w; is also a normal form).

For every word w over Q U Q. we will denote by w; the word over {aiﬁl, o ,aiiglg}
+1

47

obtained from w by replacing wjil by a;-:, forall j=1,...,2g9. 7

_____ X2k41 e X2
g1 % = - . - ‘i
# ™~ ! !
h ! N
Cag \ ; \
! Pl -Fa PI \ i -F] Pz T
4 b { LI sew ) { LI LI T
h \ i ! i
0 fovs | ;
15} g ) i 9k+1 K \\ i 2 )
“\.J‘ £ g1 e - -7 B
T e == S [T gl T

Figure 1.11: The polygon representing M and the braids a; ;41 and a; o, [GM].

Consider, for 1 <7 < j < n, the braid ¢; ; = 0,041 -~ aj,ga?-flaj_z . -a;rlla[l drawn

in Figure [1.12]
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\

Figure 1.12: The braid ¢; ; [Y].

Lemma 1.3.23. |[GM3| Lemma 2.5| The following set is a free system of generators for
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the free group F,:

{7(1)151,3‘7(_1;% 2<j<n, yem(M)}.

Lemma 1.3.24. [GM3| Lemma 2.6] There is a homomorphism o : K,_; — K,, which is

a section of p: K, — K, _1.

“ Now, K,,_; acts on [F,, in the following way: given b € K,,_1, the action induced by b
sends f € F,, to o(b) fo(b)~!. This action induces an action of K,,_; on the abelianization

[]F 57 of Fy (here [F,,F,] denotes the commutator subgroup of F,,). ”

Lemma 1.3.25. [GM3, Lemma 2.7| The action of K, _1 on the abelianization of F,, is

trivial.

For the next result, we recall that from [GM2]: we are representing M as a polygon
of 4¢ sides, identified in the way of the Figure [I.1]

“Foralli=1,...,nand all r =1,...,2¢, we are defining the braid a,, € PB,(M):
the i-th string of a;, is (s;,(t),t) € M x [0, 1], where s, , is a loop in M based at P, which
goes through the wall a,.; it goes upwards if r is odd and downwards if r is even. The
j-th string of a;, is (P;,t) (the trivial string) for all j # i. Also, Q = {wy,...,wy,} is a
set of generators of w1 (M), where g is the genus of M, taken such that

(M) = (Q;w; -+ wogwi ' - -w2_91>.

For all v € (M), choose the unique word 7 over QU Q™! representing 7. We denote
by () the pure braid obtained from 7 replacing wEl by a . Now, forall 4,5 € {1,...,n},
1 < j, recall the braid

tz‘J' =0; 05— 20'32 10' 12 »_1 c PBH(M)

Finally, for all 4,5 € {1,...,n}, i # j, and for all v € m (M), we define
Jijny = 7(i)tz’,j7(_i)1~ 7

The following result follows from Lemmas [1.3.23], [1.3.24] and [1.3.25]

Theorem 1.3.26. |[GM2 Theorem 2.4] One has K,, = (F,, x (F,_1 x (... (F3 xFy)...))),
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where for alli=1,...,n—1, F41)—; s the free group freely generated by
Fin =A{fijny 1<j<n, yem(M)}.

Moreover, for allm =2,... . n—1, K,, = (F,,, x (Fp,_1 ¥ (... (F3 xFy)...))) acts trivially
on Hl(Fm+1).

Corollary 1.3.27. [GM3| Corollary 2.5] K,, is bi-orderable.

Proof: “ We argue by induction on n. If n = 2, then Ky =, is a free group (of infinite
rank), so it is bi-orderable. Suppose that n > 2, and that K,,_; is bi-orderable. By
Theorem [1.3.26], we have an exact sequence:

1 Fn Kn anl 1 )

where K,, = F, x K,_;. By definition of bi-order, a conjugation by an element of F,

is an automorphism of F,, which preserves the Magnus Order. We also know, by Theo-

rem [[.3.26] that a conjugation by an element of K,_; is an automorphism of F,, which

is trivial on H;(F,). Since the Magnus Order on any free group F is preserved by any
F

automorphism in Aut(F) (which induces the identity on the abelianization H;(F) = W)’

thus it also preserves the Magnus Order on F,,. Therefore, a conjugation by an element
of K,, preserves the Magnus order of F,, and thus, by Lemma [1.3.7, K,, is bi-orderable. ”
]

Gonzalez—Meneses defines an explicit bi-order on K,,, as follows.
“ First, forall e =1,...,n — 1, we order F;,, as follows:
fijn < firs i<k or j=k and 7 < 9,

where <, is a fixed bi-order of m;(M). Then, we consider the Magnus Order on each
IF(n+1)—i corresponding to this order on F;,. The bi-order on KK,, which comes from Coro-
llary is the following: for k, k' € K,,, write k = kiky---k,—1 and k' = K1k, - k),
where ki, k; € F1)—;. Then k& < £/, if and only if, k; < k} for the greatest j such that
kj # kj. 7
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PB,(M) is bi-orderable

This section was extracted from Ordering Pure Braid on Compact, Connected Surfaces
by Gonzélez-Meneses in [GM?2].

Theorem 1.3.28. [GM2, Theorem 1.6| If M is a closed, connected and orientable surface,
then PB, (M) is bi-orderable.

Proof: “ The direct product of bi-orderable groups is bi-orderable, hence by Theorem
m1(M)™ is bi-orderable. So, by Lemma , we only need to show that a conju-
gation by an element of PB, (M) is an automorphism of K, which preserves the order.
A conjugation by an element of K, preserves the order, by definition of bi-order.
Hence, it suffices to show the above claim for the conjugation of the generators of 71 (M )"

by the pre-images under 6,,. A set of such pre-images is
{ai,; i=1,....n, 7=1,...,2¢}.
Now, in [GM3| Lemma 3.15] it is shown that the following relations hold in H;(K,,):

fj,k:,’ya Z%]a k;
-1 . .
Wirfikn@iy =3 fikr), 1= J;

fikyortyr 0=k

We claim that the action of a;, preserves the Magnus Order on each F,,, m =2,...,n—1,
and hence, it preserves the order on K,,. Clearly, the action of a;, on K,, is the composition
of an automorphism W¥;, which permutes the generators of each F,,, with an automor-
phism ®; . which is trivial on H;(K,,). Therefore, by Theorems|1.3.20[and [1.3.21] it suffices

to prove that the permutation induced by ¥;, on F;,, for j =1,...,n — 1, preserves the

defined order on Fj,. Let then f; ., fjis € Fjn, Where fjr < fiis-

Case 1. If k < [, then

U, (i) = Fikny < fine = Vir(firs),

where +" and ¢’ are determined by the above relations.
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Case 2. If k =1 and v <, 9, then there are three possibilities. First, if ¢ # j, k, one has

U, o (fikr) = Fiko < fino = Vir(fino)-

If © = 7, one has
Vir(fikn) = Firwr) < Fikiwrs) = Yir(fins),

since w,y <z, wrd (<g, is a left-order). Finally, if i = k,

g’i,r(fj,k;y) = fj7k7(’yw:1) < fj7k75w;1 = \I’z‘,r(fj,k,é)a

since yw, ! <, 0w (<4, is a right-order).
Therefore, PB,, (M) is a bi-orderable group. ” n



Chapter

2

Homotopy string links over surfaces

This chapter was extracted from Ekaterina Yurasovskaya’s PhD thesis [Y]. To follow
the existing literature it will used the notation set before in [Mill], [L] and [HL].

2.1 A presentation for the string links over surfaces

2.1.1 Definitions and notations

Definition 2.1.1. [Y, Chapter 3, p. 12| Let M be a closed (compact without boundary),
connected and orientable surface of genus g > 1. Choose n points P = {P,..., P,} to lie
in the interior of M. Let Iy,..., I, be n copies of the unit interval I = [0, 1]. Let [, I;
denote the disjoint union of these intervals.
A string link o on n strands over a surface M is a smooth or piecewise linear proper
imbedding: .
15— Mmx1,

i=1

such that o)) = (£;,0) and o)1)y = (5, 1).

“ When the surface M is understood, o shall be called simply a string link. Informally,
we can say that a string link is a pure braid with the monotonicity requirement relaxed,
whose endpoints are still fixed and whose strands may knot upon themselves and on other

strands. We orient the strands downwards from M x 0 to M x 1. Every pure braid is in
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fact a string link in itself. Figure [2.1]shows an example of a string link on 2 strands in the
cylinder D x I, where D stands for the unit disk. An ambient isotopy (or simply isotopy)
between string links o and ¢’ is an orientation-preserving diffeomorphism of M x I which
maps o onto ¢’ while keeping the boundary M x {0, 1} point-wise fixed and is isotopic to
the identity, relative to M x {0,1}. ”

I

Figure 2.1: A string link o.

Definition 2.1.2. [HL| We say that two string links o and o’ are link-homotopic if there
is a homotopy of the strings in M x I, fizing M x {0,1}; and deforming o to o', such

that the images of different strings remain disjoint during the deformation.

“ During the course of deformation, each individual strand is allowed to pass through
itself but not through other strands. As an example, we see that the string link of Figure
2.1 is not ambient isotopic with a braid, but is link-homotopic to the braid o;2. The
following alternative definition of link-homotopy is more convenient for our purposes (see
[Mil], |L], and [HL]): link-homotopy is an equivalence relation on string links, that is
generated by a sequence of ambient isotopies of M x I fixing M x {0, 1} and local crossing

changes of arcs from the same strand of a string link. See Figure [2.2] ”

Y - /{H\/\

Figure 2.2: Crossing Change.
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2.1.2 Homotopy string links form a group

The next result is due to Roger Fenn and Dale Rolfsen and shows that any string link

is link-homotopic to a pure braid.

Theorem 2.1.3. Fvery n-strand string link over a surface M is link-homotopic to a pure

braid.
Proof: See [Y, Theorem 3.7]. =

Because Theorem [2.1.3] we can use the term link-homotopy pure braids instead string
links.

Define H,,(M) the set of all pure braids in PB, (M) which are link-homotopic to the
trivial braid. This set is called the set of the link-homotopically trivial braids. In symbols:

H,(M) ={p € PB,(M); B~ 1},

where ~ denotes the link-homotopy equivalence relation.

Lemma 2.1.4. [Y|, Lemma 3.8| Link-homotopically trivial surface braids H, (M) is a
normal subgroup of PB,(M).

Proof: “ The product of two link-homotopically trivial braids produces a link-homotopically
trivial braid. If a braid 3 is link-homotopically trivial, then 37! is also link-homotopically
trivial. To see this, move 37! by isotopy to be in the mirror-reflection position with res-
pect to B and use the reflection of the link-homotopy. Note that intermediate stages of
link-homotopy may be string links, rather than braids. If 5 is link-homotopically trivial,
then clearly, for any z € PB,(M), x3z~! is link-homotopically trivial, hence H, (M) is
normal in PB,(M). ” n

Let us denote by f’?n(]\/[ ) the set of link-homotopy classes of string links over the

surface M, which it will called simply homotopy string links over surfaces.

Proposition 2.1.5. [Y| Proposition 3.9] Under concatenation @n(M) is a group iso-
morphic to the quotient of the pure braid group PB, (M) by the subgroup of link-homotopically

trivial braids H,(M):
— PB, (M)
PB,(M) = ———~.
M=)
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Proof: “ By Theorem [2.1.3] each string link is link-homotopic to a pure braid. Lemma
lets us express Z/DEn(M ) as a quotient of the pure braid group PB,(M):

_ PB,(M)

PP = T lary

A quotient of a group by its normal subgroup is a group. Thus I/DEn(M ) inherits from
PB,(M):
operation - concatenation (product) of homotopy string links.

7

inverse - mirror reflection, up to link-homotopy equivalence. [

Recall the notation

9 = gtg,

for the conjugate of t by g, for elements ¢ and ¢ in a given group G.

Let us recall the generators of PB,, (M) that are the same generators of @n(M ) given
in Figures and [[.12]

It was proved in [Y] that the presentation of PB,(M) has the same generators set
as PB, (M) and the same relations with one more special relation, which is called link-
homotopy relation, defined by the commutator

i, ] = 1,

4,39 Yi,j

where ¢, ; = 0,041 - - aj_ga]?_lafz e a;rllai_l and h € F(2g+n—1i),i=1,...,n. Also,

i
we recall that F(2g + n — i) is the notation for the free group m1(S \ P,_s, P;) generated
by

{{af Ut} i+1<j<n, 1<r<2g}},
where S is the surface M with a single point deleted and P,_; = {Py1,...,P,}. The
representations of a;, and ¢; ; are given in the Figures and [1.12] respectively.

Remark 2.1.6. The following description of (S \ Pn_i, P;) was given in [Y, Chapter 4,
pp. 24-25, Figures 4.4-4.6].

“We can view w1 (S \ Pn—i, Pi) as a free subgroup of PB,(S), which we shall denote
by F(2g + n —i). The strands based at {P,...,P;,_1,Pii1,...,P,} are trivial and go

vertically down without winding. The P;-based strand winds around the straight strands
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based at {Piy1,...,P,} and through the walls of M x I. Generators of the free subgroup
F(2g + n — 1) correspond precisely to those of 7 (S \ Pn_i, P;)."

Let us consider a particular case of the relation [t15,17s'] = 1 in the Figure which
shows the explicit process of link-homotopy (for details, see [Y,, Chapter 4, pp. 30-32]).

W B W S R
i (\___ ,_\! : ' I[ : IKL._ :'I . é ' g ] fc_—'l_ __:'._.— =y
I J"(‘—|/ s '/'J i ) I | Y k\___,) ‘|-/ ‘
4 | '

\_'““—a.._l J-k\____‘_: , e - J__
- : .-\ | H_"“-\:w \\""_-x \I,I!
/3 |

-

mi\\

1
- | i
" | - \ ! i
| ! Ll :/ :
e . = a= - - = e = S A

L7 LU

"

Figure 2.3: Link-homotopy process [Y].
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“ The points marked as 1,2, 3,4 are located on the front face of the cylinder Ty x I,
where Ty denotes the 2-dimensional torus, and are identified with the points 1/, 2", 3’4’ on
the back face of Ty x I. Note that in the process of link-homotopy the non-trivial strand

of the braid 7 = [t 2, #73'] may crosses itself. ”

Theorem 2.1.7. [Y], Theorem 6.3] Let M be a closed, compact, connected and orientable
surface of genus g > 1. The group of homotopy string links ]SEH(M ) admits the presen-

tation:
Generators: {a;,; 1<i<n; 1<r<2g}U{t;i; 1<j<k<n}
Relations:

(LH1) [t;;,th] =1

i b , heF(2g+n—1);

-1 -1
(PRl) nlanQ an,2gan:1an72 “An,2g = H i,m—1 1”7

(PR2) a;,Ajs = Ajsair, 1<i<j<n,1<r<2g;1<s<29—1; r#s;
(PR3) (a1 - --ai,r)Aj,T(a;Tl . '-aijll)Aj’1 T; lel 1> 1<i<j<n, 1<r<2g9-—1,
(PR4)E7J‘T]€7[:T]€71EJ, 1<i<ji<k<lI<nor 1<i<k<lI<j<m
(PR5) T Ti T} = Tipr Ty Tig Ty T T T, 1<i<k<j<l<n
(PR6) a;, Tk = T} pair, 1<i<j<k<norl<j<k<i<n, 1<r<2g;
(PR?) a; 7«( ]219 CL T G kQj2g " -ajyl) = (a;%g .- -ajjllTxkaj’gg .- -aj,l)aiyr, 1<j<i<k
<n;

7j—1
(PR8) T, = (H Ui g aZfﬂjlﬂffG@l"'Giﬂg) j1 - Qg 2ga5 7 - a5

=1

f— _1 _1 P— s e e e ..
where A; s = aj - Ajs—105 41" Ao, and T ; =t - - tiit1-

Remark 2.1.8. Note that we can simplify the relation

(LHV[t ;1] =1, f,g € F(29 +n — i)

4,70 V1,4

in [Y, Theorem 6.3, pp. 53-54] by the relation

(LH1)[t; 4, ZJ]—1 heF(2g +n—1)



2.2 Ordering reduced free groups 33

of Theorem 1.e., these relations are equivalent. Indeed:

1= [t], 1) & ftigf atiyg  ftil f ot gt =1
St f gt St gt g7 =1
-~ ti7jhti7jh_1t7:]-1ht;jlh_lf = 1,

h
& [ti,jvti,j] =1.

with h = f~lg € F(2g +n —1).

Let M be the surface on the conditions of Theorem [2.1.7] So, we have the following:
Corollary 2.1.9. [Y]| H,(M) is the smallest normal subgroup of PB,(M) generated by
(LH1). In symbols:

Hn(M) = <{[ti,j’ th

Pl 1<i<j<n, heF@2g+n—i})Y,

where { YN denotes the normal closure.

Remark 2.1.10. The presentation of the homotopy string links over a surface S obtained
by deleting a single point of the surface M is the same presentation given in Theorem[2.1.7]
with the exception of the relation (PR1).

2.2 Ordering reduced free groups

This section was extracted from [Y, Chapter 7).

“ In his search for invariants to classify links up to link-homotopy, John Milnor defined
a certain quotient of the free group, which we shall call reduced free group, following [HL].
Milnor defined an expansion [ of the reduced free group into a certain polynomial ring
with integer coefficients, and showed ji to be injective (see [Mil|). This /i is the Magnus
expansion for reduced free groups.

7

Let I denote a free group on the set of generators {x1,..., g}

Definition 2.2.1. [Y] Definition 7.1, p.55] Take a quotient of F by relations that say each

x; commutes with its conjugates. The resulting group is the classical reduced free group
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RF (k) as defined in [HL| and [Mil.

“ Let J; denote the subgroup of F generated by commutators of conjugates of x;:

Jy = ([, 2]; 1<i<k).

Y

It is possible to show that RF(k) has the presentation F/.J;. There is an alternative

presentation of RIF(k), first given by Jerome Levine in [L], which shall be very useful in

2

the construction of invariants.

Definition 2.2.2. [Y], Definition 7.2, p. 55] The reduced free group RIF(k) is obtained as
a quotient of the free group I by relations which set to 1p every commutator C' in {x;}

with repeats.

“ To make precise the meaning of a “commutator with repeats” we first recall the
definitions of commutators and lower central series. We define the commutators in {x;}

recursively, as follows:

1. Commutators of weight 1 are zy, ..., xj.

2. Commutators of weight n are words [Cy, Cy], where Cy, Cy are distinct commutators

of weight < n, and n = wt C7 + wt Cj.

Commutators of weight > n generate a normal subgroup F,,. The series

F=F,DOF,2F;2O...

is called the lower central series of IF. It is a well-known fact that a free group F is residually
nilpotent, which means that the intersection of all its lower central series subgroups is the
identity: N2 F; = {1p}. ”

“ Following Levine in [L] we say that z; occurs r times in a commutator C' as follows:

1. If C =z, thenr =1, if i = j and r = 0, otherwise.

2. If C = [C4, (), then r = 1y + 19, where z; occurs r; times in C; and ry times in Cs.
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We say that a commutator C' has repeats if some z; occurs at least twice in C. Finally,
let J, denote the normal subgroup generated by commutators with repeats. Levine shows

that J; = J5. We see that Definitions [2.2.1) and [2.2.2| of the reduced free group RF(k) are

indeed equivalent. From now on we denote J; = Jy = J. To prove that J;, = J, Levine

uses P. Hall’s construction of basic commutators in a free group, which we recall in the

next section. ”

2.2.1 Basic commutators

Definition 2.2.3. [F| Basic commutators in a given set A are defined inductively as

follows:
1. Each basic commutator C' has a weight wt C', taking one of the values 1,2,3... .

2. The basic commutators of weight 1 are the elements of {x;}. A basic commutator of
weight > 1 is a word of the form C = [Cy, Cs], where Cy,Cy are previously defined

basic commutators and wt C' = wt C] + wt Cs.
3. Basic commutators are ordered so as to satisfy the following:

(a) Basic commutators of the same weight are ordered arbitrarily.

(b) If wt C > wt C’, then C > C".

4. (a) If wt C' > 1 and C = [C},Cy), then Cy < Cs.

(b) If wt C' > 2 and C = [C}, [Cy, C3]], then Cy > Cs.

Note that the set A in Definition [2.2.3] could be a set with finite or infinite rank, for
instance (not necessarily a free group of finite rank).
“ The next theorem due to P. Hall illustrates the main purpose of basic commutators:

7

to serve as a basis for quotients of free group by its lower central series subgroups.

Theorem 2.2.4. [Mag| There exists a set of basic commutators, for any m. Given a set of
basic commutators C1 < Cy < ..., then every element of F/F, has a unique representative

as a monomial

el €92 (&2
crrey? .-,
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where C1,Cs, ..., C, are all the basic commutators of weight < q.

2.2.2 Magnus expansion and basic commutators with repeats

From now let us use of the well-know expansion of a free group F generated by

{z1,..., 2} given in Section [1.3.2]
“Let A = Z{{Xy,...,X,)) denote a ring of non-commuting power series in the vari-

ables

{X1,..., Xk},

with integral coefficients. The Magnus expansion p is an injective homomorphism of F

into the group of units U of A, defined by u : F — A given by
zoe () =1+ X5 and 27t e p(a) =1 = X+ X7 = X0 4

Every element of U can be written uniquely as +1 + p + h, where p is homogeneous
of degree > 0, and every term of h has degree higher than the degree of p. We call p the

principal part. The following lemma is proved by induction in [L]. ”
Lemma 2.2.5. L] If C is a commutator of weight n in {z;} then:
(i) The principal part p of u(C) is of degree n, and

(ii) Fach variable X; appears in every term of p with a total degree equal to the number

of occurrences of x; in C'.

Example 2.2.6. [Y], Example 7.6] A simple computation shows that the Magnus expan-

sion p takes the commutator [za, [x1,2s]] of weight 3 to an element of U:
1+ 2m0m109 — 2321 — 2125 + O(4),

where O(4) denotes terms of order 4 and higher. Note that if we assume the ordering

Ty < Tg < -+ < Xy, then [xa, [x1,25]] is a basic commutator.
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Proposition 2.2.7. [L] Let {C;} be a set of basic commutators in {x;}. Let us suppose
that Cy < Cy < --- < O, are those of weight < q. If an element of J has representation

Ci' - Cer modulo Fyyq, then whenever e; # 0, C; must be a commutator with repeats.
Proof: See [Y], Proposition 7.7]. "

Corollary 2.2.8. [L] Let {C;} be a set of basic commutators in {x;}. Let us suppose
that Ch < Cy < -+ < C, are those of weight < k. Let f € F have representation
CTt---Co modulo Fyiq, where k is the rank of the free group F. Then f € J, if and

only, if each C; is a commutator with repeats.

Proof: See [Y], Corollary 7.8]. =

2.2.3 Injective expansion of RF(k)

“ We now return to the Magnus expansion u of a free group F of rank & into the group
of units U of the power series ring A in non-commuting variables {Xi,..., X;}. Let R
denote the subset of A generated by monomials with repeats of a variable. An example
of an element of R is 4X; X5 X; + X3 X;. R is an additive subgroup of A and R is closed
under right and left multiplication by elements of A. It follows that R is a two-sided ideal
of A. Let 1 + R denote the set of elements of the form “1 + monomials with repeat of a

7

variable”.

Proposition 2.2.9. [Y], Proposition 7.10| If each term of Magnus expansion u(f) has

repeats then f is an element of J, i.e.,
if w(f) €1+ R, then f € J.

Let us consider an expansion of RF(k) given in [Y], Section 7.3, pp. 57-58], as follows.
“ Let A denote the quotient ring of A by the two-sided ideal R, generated by monomials
with repeats. In words we can describe A as a polynomial ring in non-commutative
variables {X7,..., Xx}, such that any monomial with repeat of variable X;, for some

1 <4<k, is set to zero.
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Define the reduced Magnus expansion 7i : RF(k) — A given by
A(Z) =1+ X; and a(z;7') =1-X,,

where z;, for 1 < ¢ < n, are the generators of RF(k). ”

~

Theorem 2.2.10. [Y, Theorem 7.11] The reduced Magnus expansion ji : RF(k) — A is

imjective.

Proof: “ RF(k) is defined as a quotient group of free group F by J. Consider the following

diagram with exact rows:

1 J F—~RF(k) —1 (2.2.1)
-
1 R A—"—>A 1

pople) = p(T)=1+X

mop(z;) = m(14+X;)=1+X;
popla;) = @) =1-X,

rou(r;') = 71(1-X;+ X2 —--)=1-X;,

The rest of the proof follows from Diagram [2.2.1] Let f € RF(k) and suppose that
a(f) = 1;. Let f € F be a pre-image of f. By commutativity of the diagram and by
definition of A = % we see that p(f) is an element of 1 + R. Proposition implies

7

that f is an element of J C F, hence f = p(f) = lrr@). Therefore, i is injective. ]

Definition 2.2.11. [Y], Definition 8.11, p. 68| Let us define an ordering on A, which we
shall call the reduced Magnus ordering. Let f and g be polynomials in A. We first arrange
the monomials within f and ¢ by degree. Let us now assume an alphabetical order on

the variables X, ..., X, for example, X; is the first letter, X5 is the second letter, etc.
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Within each degree we arrange the monomials lexicographically. We now compare f and
g degree by degree, term by term. We find the first term at which f and ¢ differ and look

at its leading coefficients €; and €,. We declare that f > g, if € > ¢,.
Example 2.2.12. [Y| Example 8.12| Let f =1+ Xy and g = 1 + X; — Xy, then:
f:1+0X1+X2 < 1—|—X1—X2:g

Note that reduced Magnus ordering does not define a left-order on A. By definition,

order must be invariant under left multiplication, however
(—1)(1 +X1) =—-1—-X;< O, while 1 + X; > 0.

Let H denote the set of elements of A of the form (1 4+ higher order terms). It is easy
to see that H is a multiplicative subgroup of A. Consider an element g of H of the form
g = 1+ G, where G consists of terms of non-zero degree. Then, the inverse element ¢!
is given by

Gl=1-G+ G2t + (—1)GF,

because:
997 ' =(1+G)(1-G+G -G+ -+ (-1)"G")

=14+ (_1)k+1Gk+1

= 1.

“ Note that every monomial of total degree greater than n is bound to have repeats

of some variable and hence will be set to zero in A. ”

Proposition 2.2.13. [Y Proposition 8.13| The reduced Magnus ordering induces a bi-
ordering on the subgroup H, and hence on the classical reduced free group RF (k).

Proposition 2.2.14. [Y, Theorem 8.14| The reduced Magnus ordering is preserved under
any automorphism of RF(k) that induces the identity on the abelianization of RF(k) which
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we denote by
RF(k)

R]F(k’)ab = [RF(I{;), RF(k)] ‘




Chapter

3

Ordering homotopy string links over

surfaces

Our aim in this chapter is to prove that the homotopy string links group on a closed
(compact without boundary), connected and orientable surface M of genus g > 1, namely,
FEn(M), is bi-orderable. Here, we can use the term link-homotopy pure braid groups on
surfaces instead of homotopy string links over surfaces since each string-link is homotopic
to a pure braid, which was proved by R. A. Fenn and D. Rolfsen (see [Y], Theorem 3.7,
Chapter 3).

Let us observe that since by Proposition [2.1.5] @R(M) ~ F;f:(%),
a string link in ]/DEH(M) we will denote it by 3 = [8] = [(B1, ..., 8,)] and when we refer
to a pure braid in PB,(M) we will just denote it by 8 = (f1, ..., Bn)-

when we refer to

3.1 Left-ordering f’En(S) and ]SER(M)

Let us observe that in the case of pure braids, [GM2] made a special construction as
we presented in Section . It was constructed a special free group F,, of infinite rank,
whose generators come from the conjugation of generators of PB, (D), where D denotes
the unit disk, by elements in the fundamental group 71 (M), allowing to prove that the

action by conjugation of K,_; on the abelianization of IF,, is trivial in the split exact
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sequence:

1 F, K, K,-1 —1.

This strategy avoids the problem of analyzing the conjugation by elements of the form
a;r € PB,,_1(M) on the elements of the group F(2g +n — i).

We will use the same strategy for the case of the string links.

3.1.1 ]SE,L(S) is left-orderable

Let M a closed, connected and orientable surface of ¢ > 1. Consider S a surface

obtained by deleting one single point zy of the surface M. From [Y], Corollary 4.7]:

A~

PB,(S) =F(29+n—1) x (F(2g+n—2) x (- (F(2g + 1) x F(29)) ),

where
~ , F(2g +n —1)
F(2 —1) =
(294n—1) H,(S)NF(2g+n—1)’

(see [Y, Proposition 4.5]),

with F(2g + n — i) the free group on 2g + n — i generators m (S \ Pn_s, P;)) and P,,_; =
{Pis1,..., P}, fori=1,...,n—1and F(2g) is the free group m (S, P,) on 2¢g generators.
Recall the split exact sequence proved in |GGl Theorem 6]

1—=F(2g+n—1)—= PB,(S) —2% PB,_1(5) —1,

and let us consider the section of the homomorphism g, namely, o : PB,,_1(S) — PB,(5)
given by o (5, ..., 0n) = (1, Ba, ..., Bn). Geometrically, this section means to add a trivial
strand that goes parallel to xg X [ in a braid with (n — 1) strands. The result will be a
braid with n strands (see [Y) pp.24|).

Moreover, from [Y], Corollary 4.8] there is a short split exact sequence of groups
1—=F(©2g+n—1)—=PB,(S) —2 PB,_1(S) —=1, (3.1.1)

where ¢ is the homomorphism defined by o([(51,...,8n)]) = [(Ba, .., Bx)] and induced
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by the forgetting homomorphism ¢ : PB,(S) — PB,_1(S), given by o(f1,...,5,)
(B2, ..., Bn). Thus, there is a section & : ]/DER_I(S) — P/En(S) given by 6 ([(Ba, ..., Bn)]) =
[(17 527 s 7671)]

Proposition 3.1.1. Let S be a surface obtained by deleting a single point xo of a closed,
connected and orientable surface of genus g > 1. Thus, ]/DEH(S) is left-orderable, for all

n>1.

Proof: The proof is given by induction on n. For n = 1, the sequence (3.1.1)) gives us
PB\(S) ~ F(2g),

where [F(2¢) is the free group m (.S, P,) on 2g generators. Thus, @1(5’ ) is left-orderable.
Let us suppose that ?En,l(S) is left-orderable. Now, the groups F(2¢g +n — 1) and
FEn_l(S) in the sequence (3.1.1) are left-orderable. By Lemma , FEn(S) is left-

orderable. -

3.1.2 The structure of ]Kn

For our purposes, we define here an important structure: the group ]IA{n This group
is the quotient by link-homotopy on the structure of K,. We recall such structure to
construct our structure. Later, we give a characterization for it, which will be very useful
to prove that ]SEH(M ) is bi-orderable, extending the result proved by Gonzalez—Meneses
in [GM2|, Theorem 1.6].

Let M be a closed, connected and orientable surface of genus g > 1, as previously.
Given a string link 6 = [(0y,...,0,)] over M in J/DEH(M), we can consider, for all ¢ =
1,...,n the loop p; in M constructed as follows: take the i-th string o; (which is a path
in M x [0,1]) and call as y; its projection over the first coordinate (i.e., over M). Since
o € ]SEn(M), ; is a loop in M based at P;, for all + = 1,...,n which represents an
clement of (M, P;) ~ m(M). This defines an epimorphism 6, I/DEH(M) — m (M)"
which sends ¢ = [(o1,...,0,)] to = (1, .., ftn)-

Lemma 3.1.2. 0, is a well defined surjective homomorphism.
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Proof:
PB, (M) -2 7 (M)
7
p'nl A
30,

PB, (M)
Recall the surjective homomorphism 6, : PB,(M) — m(M)™ defined in [B| by the
following: take the i-th string f3; of the pure braid 5 (which is a path in M x [0, 1]) and call
as u; its projection over the first coordinate (i.e., over M). Since 8 € PB, (M), p; is a loop
in M based at P;, for all ¢ = 1,...,n which represents an element of m (M, P;) ~ m(M).
Let p, be the projection homomorphism that maps a pure braid g € PB,(M) to its
link-homotopy class 3 = [3] € f’??n(M ).

Now, let & = [o] and B = [] be two string links such that 6 = . By definition, 3 and
o are link-homotopic, i.e., there is a homotopy of the strings in M x I, fixing M x {0,1}
and deforming o to 3, such that the images of different strings remain disjoint during the
deformation. In symbols, there is, for alli = 1,... n, continuous maps H; : I xI — M x I
such that H;(¢,0) = oy(t), H;(t,1) = Bi(t), for all t € I and H;(0,s) = P;, H;(1,s) = P,
for all s € I. Let p the projection to the first coordinate given by p(m,t) = m, for all
(m,t) € M x 1.

Suppose that 6,(6) = (j1, ..., ) and 6,(3) = (e1,...,€,). We need to show that
there is an homotopy in the fundamental group such that u; ~ ¢;, for all v = 1,...,n.
Indeed, define H; : [ x I — M by the composition H; = po H;, for all i = 1,...,n. We
have H; is continuous, since it is a composition of continuous maps, for all i = 1,... n.

Moreover:

Therefore, there is an homotopy in the fundamental group, for each « = 1,...,n as

required and then 6, is well defined.
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Now, given pt = (ft1, ..., ltn,) € m (M)", since 6, is surjective, thereis 5 = (f1,...,5,) €
PB,,(M) such that 6,(8) = . Thus,

A~

1= 0,(8) = 0, 0 pn(B) = 0,([B]) = 0,.(B).

By this way, we have 0, is surjective. Finally, let &, B € I/DEH(M ) with o and § their

representatives, respectively. Thus,

~

0,(68) = 0,(0B) = 0 0pu(08) = 0,(08) = 0,(0)0,(5)
= (én Opn(a))(én Opn(ﬂ)) = én(&)én(é)

Therefore, 6, is a well defined surjective homomorphism as required. [

Remark 3.1.3. We can represent the homomorphism defined in Lemma geome-

trically: indeed, since 0, is a well defined homomorphism, we have

where {1 = (1,...,1)} denotes the trivial subgroup of m(M)™. This is equivalent to
H,(M) C ker6,. In fact, since by Corollary[2.1.9

Hy(M) = ({[tij, t},],h € F2g+n—1i),1 <i<j<nh?,

let us observe that the generators of H,(M), which have the form a[ti,j,t?’j]afl, with

a € PB,(M), are contained in the kernel of 0,,. As a geometric example, let us consider
[ti g, th] = tijhts jh=t; [ ht; Jh™. We have the part of the word braid that contains t; ; and
its inverses are loops homotopic to the base point in m(M)™. Its products with the braids

which cross the walls on the surface form a loop homotopic to the base point in w (M)"

as well. The sketch of the word [t; ;,t};]

is given by the particular case [t12,173'] in the
following picture (for the case when r is even, the other case is analogous). The left side
of the figure represents [t12,115'] viewed in PBy(T) and the right side viewed in m(T),

where T denotes the 2-dimensional torus.



46 Ordering homotopy string links over surfaces
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Figure 3.1:  [t12,t15'] in PBy(T).

Remark 3.1.4. Let us consider the kernel of the homomorphism defined in Lemma[3.1.3,

which we will denote by

A~

K, =kerf, = {6 =[(01,...,00)] € PB.(M):0,(6) = (1,...,1)},

where 1 denotes the trivial loop in m (M). One has the exact sequence:

11— K, —= PB,(M) 2> (M)" — 1 (3.1.2)

which is induced by the sequence obtained by |[GM2]

1—>K, —== PB,(M) -2 my(M)" —= 1, (3.1.3)

defined for the surjective homomorphism 0, where K,, = ker0,, (for details, see Section

7.37).



3.1 Left-ordering f/’En(S) and f/’En(M) A7

Lemma 3.1.5. K, = %, where H, (M) is the normal subgroup of PB,(M) of the

link-homotopically trivial braids.

Proof:

(i) First, let us observe that H,(M) C K,, = ker(6,). A simple braid diagram gives us

that H, (M) is a normal subgroup of K,,. Therefore, we have % well defined.

(i) Now, we show that kerf, = %. Indeed, if 5 =[] € kerf,, then 3 € @H(M)

and 0,(3) = 1. So, we have 1 = 0,(3) = O,(pa(B)) = 0,.(8), ie., B € kerd,.

Therefore, ker 6, C %.

Conversely, if § € 7547, then 0,(8) = 0,(pa(8)) = 0.(8) = 1, ie., B Ekerf,.  m
Lemma 3.1.6. The following diagram commutes:

1—=K, —2= PB,(M) -2 7, (M)" —1

N

1—=K, —2- PB,(M) 2= 1y (M)" — 1

where qq, qo are the respective projections, i1,io are the respective inclusions and id is the

identity.
Proof:

(i) We claim that go 0 i; =iz 0 ¢;. Indeed, V3 € K,,,

@oi(B)=qoii(fi,....0) = (b1, -..,Bn) = @(B) =[],

and iz 0 ¢1(8) = i2([8]) = [B]. Therefore, gz 0 i1 =iy 0 q.

(i) We claim that id o 6, = 0, o gs. Indeed, V3 € PB, (M),

2d09n<6) :Zdoen<61776n) :id<ula-waﬂn) = (:ulw"a,un) = Ky

and 0, 0 2(3) = 0,([8]) = (1, - - -, ftn) = p. Therefore, id o 6, = b, o go. =
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3.1.3 A special construction: @H(M ) is left-orderable

In this section we make a construction that will be useful to help us to guarantee that
]/31\3n(M ) is torsion free.
Let ¢ : PB, (M) — m (M, P,) be the homomorphism defined by

9252((51, Ba, ... 7ﬁn)) = W2,

where g is the strand based on P, viewed as a loop in 71 (M, P,). The kernel of this
homomorphism is PB,, (M \ {P,}) (this homomorphism was constructed by Birman
and details can be found in [B]). Moreover, by Gonzalez-Meneses’ construction in the

proof of [GM3], Lemma 2.6], K,, lies in the kernel of ¢ as a subgroup, namely,
K, C PB, 1(M\ {P}).

We will show that K, C ?En,l(M \ {P.}), as follows.

Proposition 3.1.7. Let M be a closed, connected and orientable surface of genus g > 1.
Define s : J/DE,L(M) — m (M, Py) given by QAﬁg([(ﬁl,ﬂQ, oy Bn)]) = pe, where po is the

strand By viewed as a loop in w (M, Py). The following conditions hold:
(i) ;#52 is the homomorphism induced by ¢o.
(ii) ker s = P,y (M \ {P2}).

(i) K, s a subgroup of f’?n_l(M \ {P}).

Proof:

(i) We need to show that ¢o(H,(M)) C {1}, where {1} denotes the identity of the
fundamental group m (M, P2). Let € H,(M). Since 8 is link-homotopically
trivial, we have that all strands are deformed as straight lines in a link-homotopic
process. Thus, ps is a trivial loop in m (M, P;). By this way, ggg is a well defined

homomorphism induced by ¢, and we have the following diagram, where p,, is the
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natural projection.

PB,,(M)

(i) Let us show that ker ¢ = k/erE. First, is clear that H, (M) is a normal subgroup
of ker ¢y. Now, if 3 € ker Eb\g, then 52(3) = 1. On the other hand, there is a
g € PB,(M) such that p,(8) = . Hence we have ngSQ o p,(B) = 1, wich implies
o2(B) =1, 1.e., B € ker ¢y. Therefore, B\: BH, (M), with 8 € ker ¢, i.e., Be @.
Conversely, let 3 € @. Thus, 3 = BH,(M), with § € kergo. So, ¢2(8) = 1.
Hence we have: 52(3) = ¢y o pu(B) = da(B) = 1.

(iii) Now, let B e K. Thus, 3 = BH, (M), for some 5 € K,,. Since we have that K,, C
PB,_1(M\ {P}), thus B € PB,_{(M\ {P,}). Therefore, 3 € PB,_1(M\ {P:}).
By this way, we have K, C @n_l(M \ {P}) as a subgroup. n

Proposition 3.1.8. Let M be a closed, connected and orientable surface of genus g > 1.

Thus, K, is left-orderable, for alln > 1.

Proof: From Proposition [3.1.7, K, is contained (as subgroup) in FEn,l(S), where S
denotes the surface obtained by deleting a single point of the surface M. By Proposition
3.1.1], ]gﬁn_l(S ) is left-orderable, and therefore, so ]Kn. n

Proposition 3.1.9. Let M be a closed, connected and orientable surface of genus g > 1.

Thus, @H(M) is left-orderable, for allm > 1.

Proof: In the exact sequence 1) the groups HA{n and 71 (M)™ are left-orderable, by
Proposition and by [Ba], respectively. Therefore, by Lemmall.3.7, we have FEn(M )

left-orderable, as required. [

3.2 Bi-ordering I/DEH(M)

Provided that we have ]/DE,L(M ) left-orderable, for all n, we have by ordering theory
that f’?n(M ) is torsion free, for all n. Since bi-orderability implies torsion fre (but it is

'For the details about theory of orderability and torsion free groups, see [DDRW] and [MR].
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not a sufficient condition), it induces to think that ]SE,L(M ) can be, in fact, bi-orderable,
as we will show next.
In Section 1} we will introduce the problems that we find to ordering }/DEn(M ),

when we try to use some tools utilized in ordering in pure braid groups.

Finally, in Section (3.2.3]), we will prove that @n(M ) is bi-orderable.

3.2.1 An obstruction for bi-orderability on homotopy string links

over surfaces

Here we discuss about one specific problem that appears when we try to equip the
homotopy string links over a surface S with the Magnus ordering, where S is obtained
by deleting a single point zy of a closed, connected and orientable surface M of genus
g > 1. More specifically, Proposition shows that the problem arises because of the

generators related with the genus of the surface considered.

Proposition 3.2.1. Let S be a surface obtained by deleting a single point of a closed,

connected and orientable surface M of genus g > 1 and let us consider the isomorphism:
PB,(S) ~F(2g+n—1)x PB,_1(5), (3.2.1)

given in [Yl, Chapter 4, Corollary 4.8, p.29|. The action of ﬁ?n_l(S) on F(2g +n — 1)

in the abelianization of @(29 +n — 1), induced by conjugation, is not trivial.
Proof: It follows from [Y], Corollary 4.8] that:
@n(S) ~ ﬁ(2g +n—1)x ]gﬁn_l(S).
Let us consider the action ¢ : I/Dﬁn_l(S) X @(29 +n—-1)— ﬁ(Qg +n — 1) given by
V(B f) =8B fa(B) ",

where & is the section of the homomorphism ¢ given in the exact sequence (3.1.1). Recall
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the generators set of ]SE,L,I(S ):
{air; 2<i<n, 1<r<2¢}U{t;;; 2<j<k<n}

Take the words on the generators above and apply the section ¢ means just add the
trivial strand as a straight line at P, and then we have a word on FEH(S ). Also, recall

the generators of @(29 +n—1):
{ar,; 1<r<29}U{ti;; 1<j<n}.

Now, take the word awalysa;ﬂ, it = 1,...,n. This word is written as &(B)f&(ﬁ)_l on

some generators B and f , and we can check, using presentation of @n(S) (see Remark

(2.1.10)), that this action on the abelianization of F(2g + n — 1) is not the identity, for
r # s. ]

Remark 3.2.2. Let us observe that by Proposition |3.2. 1| we can not apply Proposition
for the automorphism given by conjugation.

3.2.2 The structure of @n

Consider the “forgetting” homomorphism: ¢ : PB,(M) — PB,_1(M) given by
o(B) = o(B1,...,0n) = (B2y...,0n). Let F, = kerpNK, be the group defined by
Gonzélez—Meneses in [GM3] (for details see Section [1.3.4)). Also, he obtained the well

defined exact sequence:

since o(K,) = K,,_;. Moreover, he proved that this exact sequence splits, i.e., there is
a section, namely o : K,_; — K, such that p o 0 = idg,, where idg, is the identity

homomorphism in K,,.

We recall that from Theorem [1.3.26] we have K,, = (F,, X (F,,—1 x (- - - (F3 x Fy) - - -))),
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where for all i = 1,...,n — 1, F,11)—; is the free group freely generated by
{’NY(z')ti,ﬂ(;)l;i <j<nyem(M)}

Moreover, for all m = 2,....,n — 1, K,, = (F,, x (F,_1 x (---(F3 x Fy)---))) acts
trivially on H;(F,,41). We also remember that this trivial action on the abelianization

Hi(F,,11), guarantee that the Magnus order is preserved.

Theorem 3.2.3. One has K,, = (F,, x (Fp_y x (-+- (F5 x Fa)--+))), where for all i =
1,...,n—1, @(nﬂ),i 18 the reduced free group generated by

{fi,j,’y; Z < j S n, ’Y € ﬂ-l(M)}a
where f; = '?(i)twfy(i)_l € Fing1y—i, foralli=1,...,n—1. Moreover,

K = (Fpn % (Fpoeq % (- (F3 x Fy) -+ )

~

acts trivially on Hy(Fp,11), for allm=2,...,n— 1.

Proof: Let us consider the following commutative diagram, obtained from diagram (/1.3.1])

(in which the rows and columns are exacts), by adding the split exact sequence (x).

1 1

| |
st (M M
OnT Han

1 ——my(M\ Pn_y,P,) — PB,(M)—2> PB,_(M) —1

(3.2.2)

) m (M) ——1

1

T
l——m (M, P)

T

U u u
1——=FQ2g+n—2)——PB,_1(S)—*= PB,_5(5) —=1 (%)

T

1
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So, we can consider, up to link-homotopy, the following commutative diagram, with exact

rows and columns:

(3.2.3)

971
PB,(M)
U
1—=F(Q2g+n—2)—=PB, 1(5) —2=PB,_5(5) —=1 (%)
1 ﬁn ]Kn 2 anl 1
1 1 1

where the row (xx) is the split exact sequence proved in [Y] Corollary 4.8], which sends

by restriction to the following split exact sequence:

1 F, K, 2 >R, , —1, (3.2.4)

where I, = ker(9)NK, is a subgroup of the reduced free group F(2g+n—2), and therefore

A~

I@L is bi-orderable. Then, there is a section ¢ : K,,_; — ]Kn of 9, which is the restriction

of the section ¢ obtained in [Y) Corollary 4.8]. Thus,
K,~F, xK,_,. (3.2.5)
Therefore, inductively, we have

Ky = (Fp x (Fpoy % (- (F3 x Fa) -+ +))).

Now, we will prove that the action of ]Kn_l on the abelianization of ﬁn is trivial and

then we will have that Magnus order is preserved in ]IA{n



54 Ordering homotopy string links over surfaces

From Lemmal|l.3.25| recall that K, _; acts on [F,, in the following way: given 5 € K,,_1,
the action induced by 3 sends f € F,, to o(8)fo(3)~". This action induces an action of

K,,—1, which is trivial on the abelianization H;(F,) = % of F,,, where [F,,, F,] denotes

the commutator subgroup of IF,,. In symbols:

?/) : Kn—l X Fn — Fna
(B, f) = a(B)fo(B)

and its trivial abelianization:

F, _ _F
[Fr, Frn]  [Fn, o]’

(55 [f]ab) — [U(B>fo'(ﬁ)il]ab

Q:Dab : Kn—l X

where [ |4, denotes the quotient on the commutator group.

Now, considering the homomorphism ¢ and its section &, one defines the action:

This action induces an action of ]IA{H,l on the abelianization H; (ﬁn), namely:

A~
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which is trivial, since

Vo is trivial & [Y(B, f)la = [fla
& YB, N e Fy, Ty
& YN :9521"'962’), z;, € (aba™ b7l a,b€TF,), k=1,...
& oB)fo(B) T =alt 2l @y, € (ababT abeR), k=1,...
T A T_ 7 a n —~ —~
= oB)foB) " fl=0(B)fo(B) fT =alr - A T

with 77, € (aba='b"'; a,belF,), k=1,....p

———N—— PN
o(B) fo(B) [t € [Fp, ]

<~

— ~
& [o(B)fa(B) Mg =[fla
& BB 4=
&ty is trivial,

Corollary 3.2.4. ]IA{n s bi-orderable.

Proof: The proof is given by induction on n. For n = 2, K, = F, is a reduced free group
and then, it is bi-orderable. Let us suppose n > 2 and by induction hypothesis that ]Kn_l
is bi-orderable. By Theorem |3.2.3, we have:

Kn Kn—l L

—_
=1
S

where ]Kn = @n X ]Kn_l. The definition of a bi-order says that conjugation by an element
of @n is an automorphism of @n which preserves the Magnus order. By Theorem the
conjugation by an element of ]Kn_l is an automorphism of ﬁn, which is trivial on H; (ﬁn)
So, we have by Proposition that it also preserves the Magnus order on ﬁn.
Hence, conjugation by an element of }Kn preserves the Magnus order of @n and there-
fore, by Lemma m ]IA{n is bi-orderable. [
Now we have that ]IA{n is the semidirect product of reduced free groups and since we

already know by Section that these subgroups are bi-orderable, we can find an explicit
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order to it. First, for all i = 1,...,n — 1 we order the generators:
Fin={fozmi i<j<n, yem(M)},
where f;;, € F(,11)—i, as follows:
m<ﬂgnﬁ;;;<:>j<korj:kand'y<m(5,

where <., is the bi-ordering for 7 (M). Then, we consider the reduced Magnus order on
each generator of F (n+1)—i- By this way, let us define the bi-ordering for K,: for k ke K,

we can write k = ky - - - k, 1 and k' = k:’ k.. where k“ k‘l cF (n+1)—i- Lhen:

n—1

k <g ke k;j <g, k’ for the greatest j such that l;:j #+ kA;

T

3.2.3 ]SE,L(M) is bi-orderable

Theorem 3.2.5. Let M be a closed, connected and orientable surface of genus g > 1.

Then ]SETL(M) is bi-orderable.

Proof: Recall the short exact sequence obtained in Remark [3.1.4]

We will use this sequence and Lemma[1.3.7(ii) to prove our result. We need to show that
the conjugation of K, by ]SEH(M ) is order preserving, i.e.,

f<gf eBfB) " <gb70) (3.2.6)
for all 8 € ]/DEN(M) and for all f, [’ € ]IA{n

1. From Theorem [1.3.22] 71 (M)™ is bi-orderable.

2. We had proved in Corollary that ]Kn is bi-orderable.
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By this way, we are able to prove the condition . Indeed, since ]Kn is bi-orderable,
by definition, conjugation by an element of K, preserves the order. Hence, it suffices to
show for the conjugation by the pre-images under 0, of the generators of 7y (M)".
A set of such pre-images is {a;,; @ =1,...,n, 1 <r < 2g}. Since isotopy implies
link-homotopy, we have by the proof of Theorem [1.3.28 that the following relations hold

~

in H,(K,):

¢
Fiknr i gk
G it = S frooms i = (3.2.7)
\fj;,;ﬂ), 1 =k.
Note that the action of a;, preserves Magnus order on each @m, m=2,...,n—1

and hence, it preserves the order on H/{n Indeed, by the relations found, we have that
the action of a;, on ]Kn is the composition of an automorphism \ilw which permutes the
generators of each @n with an automorphism Ci%-,r which is trivial on H; (]Kn)

Therefore, by Proposition and Theorem [[.3.21] it is suffices to prove that the
permutations induced by \i!w on .7-A"j7n, for j =1,...,n—1, preserves the defined order on

A~ . —_— —_— —_— —_— .
Fjn- Let us consider fj, fjis, where f;r, <g fjis5. We analyze the following cases:

Case 1. If k£ < [, then

—

Wirfikntiy = Vir(finny) = fikn <g, fire = Vir(firs) = airfirsa;,,

where 7/ and ¢ are determined by the relations in (3.2.7)).

Case 2. If k =1 and v <, 9, then we have more 3 cases to analyze:

First, if ¢ # j, k, we have
T G (T T e T (T g g
awfj,kﬂai,r =i, (fikn) = fikn <R, fins = Vir(fins) = az,rfy,kﬁai,r-
If : = 7, thus

o~ ~ — o — o — ~ — —

-1 -1
Wi finniy = Yir(fikn) = Finom <z, fikwo) = Vir(fins) = airfiksas,
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since w,y <r, wy0, with <, left-order.

Ifi =k,

— ~ —

Qi i@t = Wir(fikn) = Frpoarty <g, | = Ui (fir0) = ir fins07)
irJ ik Qe = ¥ir\Jiky) = Tk (qwrt) <K, ik 6wty = YirJiks) = Qirtjke,

since yYw, ! <, dw, !, with <., right-order. Therefore we finish our proof with the result

required. [

Corollary 3.2.6. Let S be a surface obtained by deleting a single point of a closed,
connected and orientable surface M of genus g > 1. Then, FER(S) s bi-orderable, for

alln.

Proof: The proof follows from of the fact that FE,H(S ) C @n(M ) as a subgroup (see

sequence (3.2.3))). ]

3.3 An exact sequence for link-homotopy braid groups

In this section we obtain an extension of a result proved by Charles H. Goldberg in
[Go, Theorem 1|. To prove this result, we will use as tool the surjective homomorphism

6,, defined in Section m

3.3.1 Definitions and main theorem

Let us consider a closed, connected and orientable surface M, of genus ¢ > 1, i.e.,
M is not the sphere. Let P = {P, P,,..., P,} be a set of n distinct fixed points chosen

arbitrarily in the interior of M. Now, let us define the following map:
fu: PB,(D) = PB,(M)

given by fn(ﬁ) = 83, for each 3 in ﬁ?n(D), where D denotes the unit disk. Also, we have
0, : @n(M) — m (M)™ given by 6,(&) = 0,([(a1, ..., on)]) = (11, ..., i), where each

i is the strand o of & viewed as a loop in the fundamental group of M, i = 1,... n,
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for all & = [(a,...,q,)] in ﬁ?n(]\/[) By Lemma 0, is a well defined surjective

homomorphism.

Theorem 3.3.1. If M is a closed, connected and orientable surface, of genus g > 1, then
in the following sequence of groups (not necessarily abelian):
1 —= PB,(D) -2~ PB, (M)~ 7, (M)" — 1,

the kernel of each homomorphism is equal to the normal closure of the image of the

previous homomorphism in the sequence, i.e., ker(6,) = (Im(f,))V.

3.3.2 The well definition of fn and proof of Theorem (3.3.1

The proof will be given by the following results:
Lemma 3.3.2. The map fn 18 a well defined injective homomorphism.

Proof: Recall the inclusion homomorphism f,, : PB, (D) — PB,(M), defined by Birman
in [B]. Now, let 8 be an element link-homotopically trivial in PB,(D). Clearly, f,.(8) = 3
is a link-homotopically trivial element of PB, (M), i.e., fo(H,(D)) C H,(M). Thus, f,
is the well defined homomorphism induced by the injection f,,. We need to prove that fn
is injective. Indeed, let § € ff\?n(]D)) such that f,(3) = 1, where 1 denotes the identity
in fﬁn(M) So, we have 3 € ﬁ?n(ﬂ)) and 3 € H,(M). By Goldsmith in [(], we have

Be H, (D). Therefore, ker(fn) = H,(D), i.e., . is injective. ]

Let us consider the following diagram:

1 ——= PB,(D) = PB, (M) -2~ 1, (M)" — 1 (3.3.1)

P

| —— PB,(D) L~ PB, (M) "= 7, (M)" — =1

id

I S

where py, po are the respective projections and id is the identity in 7y (M).
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We claim that this diagram is commutative. Indeed, V3 € PB, (D),

A~

foopi(B) = fu(18) = [8] and ps o fu(B) = p2(B) = 18],

that is, fn op; = pg o f,. Moreover, Va € PB,,(M),

~

0, 0 pa(a) = 0n([a]) = (pi1,- -, jtn) and id o O, () = id(pur, . pin) = (15 -, fin),

ie., 0, opy =1idob,.
Lemma 3.3.3. Im(f,) C ker(6,).

Proof: Let & € Im(fn) So, there is an element 3 € ]SEH(]D)) such that & = fn(ﬁ) Thus,
0, 0 fo(B) = 0,(&). Since S is in fEn(D) and p; is surjective, there is § in PB, (D)
such that p;(8) = 8. So, 6, o fn op(B) = én(d), which implies, 6,, o py o fa(B) = én(d),

ie., 0,0 f.(B) = 0,(&). By |Gd|, we have Im(f,) C ker(6,), i.e., én(d) = 1 and then,
é € ker(0,). =

Lemma 3.3.4. ker(f,) C (Im(f,))".

Proof: Let 4 be an element in ker(f,). Thus, 4 € FE”(M) and 6,,(%) = 1. By Theorem
2.1.3| each string link is link homotopic to a pure braid. Let v € PB, (M) be such pure
braid. So, 6,(7) = 1, where 1 denotes the identity in m(M)". By [Go, Theorem 1],
we have v =[], akﬁkagl, with a € PB,(M), Br € Im(f,), i.e., B = fu(yk), for some
Yk € PB, (D) with p;(7x) = 9%, and then, fn op1 (k) = fn(’yk) Since the diagram (3.3.1))

commutes,

FaG) = frop1i(W) = p2 0 ful ) = p2(Br) = B,

ie., B € Im(fn). Therefore,

>

= D2 (H Oékﬁka];1> sz ag)p2(Br)p2(ak) ™ H@kﬁkak "
A

with & € P/En(M), Bk S Im(fn) [ |
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Proof of Theorem [3.3.1} Follows from Lemmas [3.3.2] and [3.3.4] [
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Chapter

4

Homotopy generalized string links over

surfaces

In this chapter we introduce the generalization of the homotopy string links over
surfaces that we call generalized homotopy string links over surfaces. We show that the
set of all generalized string links over surfaces form a well defined group and we find a

presentation for this group.

4.1 Generalized string links over surfaces

Let M be a closed, connected and orientable surface of genus g > 1. Choose n different
points P = {P,..., P,} to lie in the interior of M. Let I, ..., I, be n copies of the unit

interval I = [0,1] and [}, I; denote the disjoint union of these intervals.

Definition 4.1.1. A generalized string link o on n strands over a surface M is a smooth

or piecewise linear proper imbedding:

a:ﬁli—h/\/[x],

=1

that satisfies the two following conditions:

(i) o

(1;(0)) — (PHO);
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(ii) O”(Ii(l)) € {(Pl, 1), Ceey (Pn, 1)},
where I;(t) =t € I, for allt and for alli=1,... n.

Here, we orient the strands downwards from M x {0} to M x {1}. Also, an ambient
isotopy between generalized string links o and ¢’ is an orientation-preserving diffeomor-
phism of M x I which maps o onto ¢’ while keeping the boundary M x {0, 1} point-wise
fixed and is isotopic to the identity, relative to M x {0, 1}.

— T

Figure 4.1: Generalized string link o.

Now, we can talk about the concept of link-homotopy found in [HL], [L] and [Mil|
for generalized string links, since we have the non trivial permutation, generalized string
links differ of string links. Indeed, we give two different definitions for it that we use

throughout this work.

Definition 4.1.2. We say that two generalized string links o and ¢’ are link-homotopic
if there is a homotopy of the strings in M x I, firing M x {0,1} and deforming o to o,

such that the tmages of different strings remain disjoint during the deformation.

During the course of deformation, each individual strand is allowed to pass through

itself but not through other strands.

Definition 4.1.3. Link-homotopy is an equivalence relation on generalized string links
that is generated by a sequence of ambient isotopies of M X I fizing M x {0,1}, and local

crossing changes of arcs from the same strand of a generalized string link.
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Figure 4.2: Crossing change in the same strand.

4.2 Homotopy generalized string links form a group

Lemma 4.2.1. Let o0 and o' be generalized string links over a surface M. Denote by ~
the link-homotopy equivalence relation. If o ~ o' then o1 ~ o't and To ~ 7T0', for all

generalized string link 7.

Proof: In both cases, consider the concatenation of the mentioned generalized string
links in its levels in the diagram of braids respectively. By this way, we can deform o to

o’ under homotopy while 7 is fixed, for all generalized string link 7. [

Theorem 4.2.2. Fvery generalized string link on n-strands over a surface M is link-

homotopic to a braid.

Proof: Let us denote by ~ the link-homotopy equivalence relation. We want to prove
that if o is a generalized string link then o ~ «, for some o € B, (M). Consider o a
generalized n-string link and 8 some braid on n-strands such that the concatenation of
is a string link, namely o’. So, we have o3 = ¢’. Since ¢’ is a string link, we have it is
link-homotopic to a pure braid on n-strands, namely . Thus, we have ¢’ ~ ~. By the
transitivity of the equivalence relation, we have that o8 ~ . Let 87! be the inverse of
the braid 5. By Lemma , we have 03871 ~ 4871, ie., 0 ~ v371, where y37! is a
braid on n-strands. Put v3~! = . Therefore, every generalized string link on n-strands

is link-homotopic to a braid on n strands. [

Remark 4.2.3. From now we will call a generalized string link on n-strands just by
generalized string link, since the chosen n points are fived. For the next result, recall that
a string link o is link-homotopically trivial if o is link-homotopic to the trivial braid. Also,

let H,(M) denote the set of link-homotopically trivial surface n-strand braids. We already



66 Homotopy generalized string links over surfaces

know that H,(M) is a normal subgroup of PB, (M) and that the group of link-homotopy

PB, (M)

classes of string links over a surface M, namely FETL(M), 15 wsomorphic to .00 -

Proposition 4.2.4. The set of link-homotopically trivial surface braids on n-strands

H, (M) is a normal subgroup of B, (M).

Proof: We will show that 8H,(M)s~' = H,(M), for all 8 in B,(M). Indeed, given
B € B,(M), o € H,(M), if we consider the braid diagram for the concatenation So3~!
and remember that o ~ 1, let 8 and 87! fixed and deform o under homotopy in the trivial

braid 1:

Thus, fo8~! ~ 1 and 1 € H,(M). Therefore, 8H,(M)S~' C H,(M).
Conversely, let o be a link-homotopically trivial braid. We show that o can be written

as an element in SH,(M)B~!, for § in B,(M). Indeed:

0 ~ 1ol ~ BB aB)B, B € Bu(M),

But we have already proved that the element inside of parentheses is a link-homotopically
braid. So, put v = 87 '¢. Then, o = 37!, and we have H,(M) C SH,(M)3~1, for all
B € B,(M). Therefore, H,, (M) is a normal subgroup of B,,(M) as required. n

Remark 4.2.5. (i) We denote the set of link-homotopy classes of generalized string
links over a surface M by E\n(]\/[), which we shall call simply homotopy generalized

string links.

(ii) B;(M) equipped with concatenation, is a group. Moreover, ]/DEH(M) is a normal
subgroup of B;(M)

(iii) We say that a braid is deformed to be a string-link through a finite link-homotopic

moves, i.e., through a finite number of isotopies and crossing changes.
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Theorem 4.2.6. Under concatenation, B\,L(M) is a group isomorphic to the quotient of

the braid group B, (M) by the subgroup of link-homotopically trivial braids H, (M):

Proof: Let us consider the following map:
¢ : B,(M) — B,(M),

defined by ¢(8) = B, which takes the isotopy class of each braid to its homotopy class.
Let us denote by ~ the isotopy equivalence relation and by ~ the homotopy equivalence
relation. Remember that B, (M) is already a quotient group and 3 denotes the represen-
tative of the equivalence class of all braids that is isotopic to 3, so we must show first
that ¢ is a well defined homomorphism. Indeed: Let 3, be two representative braids of
an equivalence class. So, we have 8 ~ 7. Let ¢(8) = 3 and ¢(v) = 4, where 3 and 4
are string links provided from  and v under a finite link-homotopic moves respectively.

Thus, ¢(8) = § ~ B and p(y) =4 ~ 7. So, we have:
p(7) =4~y B~ B=0p(f),

and since isotopy implies homotopy, we have ¢(3) = ¢(v). Now, note that by Theorem
.2.2] ¢ is surjective. So, by the Homomorphism Theorem, we have:

Bn(M) ~ D
ker(p) Ba(M).

We claim that ker(¢) = H,(M). Indeed: ker(p) = {8 € B,(M); o(8) = 1}. If g €
ker(y), then we have that 5 ~ B ~ 1, where B is a generalized string link provided from
f under a finite link-homotopic moves. So, we have that ker(¢) C H,(M). Conversely,
if 5 € H,(M), then  is link-homotopic to 1. Choose a generalized string link B that is

link-homotopic to § under a finite link-homotopic moves. Clearly, 8 € ker(y). Therefore,
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we have:

as required. Thus, B;(M) inherits from B, (M):

operation: concatenation of generalized string links;

inverse: mirror reflexion up to link-homotopy. [

Now, given a generalized string link o, let us denote by 7(¢) the permutation associated

to 0. Let X,, be the symmetric group on n elements. Consider the following map:
v B,(M)— %,

defined by ¢ (o) = w(0), for all o € E\n(M ). We claim that 1) is a well defined homo-
morphism. Indeed, if 0 and ¢’ are two generalized string links in the same equivalence
class, then both generalized string links have the same permutation. Thus, ¥(o) = ¥ (0’)

and the map is well defined as claimed. Clearly, ¢ is a homomorphism. Note that the

Bn(M)
ker ()

isomorphic to 3,,. By the definition, ker(y) = ﬁ?n(M ). So we have the following result:

homomorphism 1 is surjective. Thus, by the homomorphism theorem, we have

Proposition 4.2.7. ﬁ?n(M) is a normal subgroup of B;(M) Moreover, under the

homomorphism 1 defined previously, we have the well defined short exact sequence:

1—>F§n(M)Z—>§;(M)L>Zn—>1,

where i is the inclusion homomorphism.

4.3 Homotopy generalized string links over an orientable
surface

Since we had defined the homotopy generalized string links over an orientable surface

M of genus g > 1, it is interesting to ask about its presentation. In order to find a
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presentation for this group, we study it from a geometric point of view and collect some

important results that will be necessary for our aim.

4.3.1 Geometric view of orientable surface braids

The following geometric view that we show here is the same of [GM] since we give
here a presentation for é;(M ) that generalizes the presentation for the orientable case of

B, (M) in the mentioned paper.

For the remainder of this section let M be a closed, orientable surface of genus g > 1,
i.e., for M different than the sphere S. Let us represent M by its fundamental polygon L,
with 4g sides, with pairs labeled ay, ..., as,. Choose n distinct points P = {P,..., P,}

as base points across a diameter of L.

Figure 4.3: Fundamental polygon L over M [GM].

Now let I = [0, 1] be the unit interval. We represent M x I by the cylinder L x I with
opposite sides identified, following the original identifications of L. Let us assume that
M x {0} is the upper level of the cylinder and M x {1} is the lower level of the cylinder.
A surface braid [ appears in the cylinder with strands downwards. Note that a string of
a braid may “go through the wall” of the cylinder L x I and re-appear from the identified
opposite “wall” as shown in the left side of the figure below. We have another way to
represent a braid in the cylinder: look on L x I from the top, as shown in the right side

of the figure below.
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%

L

Figure 4.4: Two forms to see a surface braid [GM].

Our aim now is to state our presentation of orientable surface link-homotopy braid
groups, defining the generators and showing that the proposed relations are satisfied. So
let us start defining elements of EL(M ). After choosing the base points P = {Py,..., P,}

along a horizontal diameter of L, define:

e For 1 <i<mn,1<r<2g, we denote by a;, the braids in E;(M) that “go through
the wall” of the cylinder L x I. Note in the figure that a;, goes upwards in L if r

is odd and goes downwards if r is even.

e For i+ 1 < j < n, we denote by t;; the braid in é;(M) that is a loop starting at

P;, going around P4, ..., P; and turning back to P; passing in front of P; only.

The following figure shows us such braids:

'.- t 'F“I1 .-r P]‘F‘ P"‘\- r P /]
{ LI T e p e e _..A..\.‘
.

%

“-\. -k-\\ - ' ‘

- - 5 1
- . N

= ¥k |1 Chak - tea o

0 241 @; 2k
i

Figure 4.5: Elements of EL(M), for i =1 |[GM].

4.4 A presentation for Z?;(M )

The goal of this section is to prove the following result:



4.4 A presentation for B;(M) 71

Theorem 4.4.1. Let M be a closed, orientable surface of genus g > 1. The Group of
Link-Homotopy Classes of Generalized String Links Over M, namely B;(M), admits the

following presentation:

Generators: {ay1,...,a12,} U{o1,...,00_1};
Relations:
(LH) [t1;,t7,] =1, he€F(2g+n—1);

0,05 = 0,04, |Z_]|227
0i0i4105 = 0i110i0i41, 1<i1<n-2;

(R1)
(R2)
(R3) @11+ Qg1+ Gpay = 01+ Op_202_ 10y g 07,
(R4)
(R5)
(R6)

R4) a1, Az = Agsany, 1<rs<2g; r#s;
R5 (&1,1 ce al,r)AQ,r = U%AQ,T(GLI ce al,r)a 1<r<2g;
R6) a1,0, = 0,a1,, 1<r<2g;1>2.
Where
iy = o1°-- O—j—QO_JZ—la—;jQ oty for j=2,....n,
Ay = o7 (a11--- a17s—1a1_,;+1 e al_ég)al_l, for s=1,...,2g.

Remark 4.4.2. To prove Theorem [{.4.1] we will consider the methods and constructions
used by Gonzilez—Meneses in [GM)| (to compute the presentation of surface braids B, (M)

over a closed surface M) discussed in Proposition and Lemma . Such construc-
tions are very well known and common methods used in several proofs in this theory for

finding presentations of groups.
Here, we use the notations and arquments of [GM] to establish connections with the

presentations of the braid groups B, (M) and the generalized string links groups B:L(M)

4.4.1 The idea of the proof

Now, recalling the short exact sequence from Proposition [4.2.7}

1—>]3En(M)z—>§;(M)L>En—>1,
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and considering the following presentations:

Presentation of @H(M) (see Theorem [2.1.7)):

Generators: {a;,; 1 <i<n, 1 <r<2¢}U{t;; 1 <j<k<n}

Relations: (LH1) [ti;,t];] =1, for all h € F(2g + n — i);
n—1
(PRl) ”1a”12 ”1290% 10n,2.--0n,2g = H i,n— 1Ti7m
i=1
PR2) a;j,Ajs = A sa;r, 1<i<j<n; 1<rs<2g r#s;
) .7’ .]? b
(PR3) (@i -+ aip)Ajrla;) - a1 )A =TT, 1<i<j<n 1<r<2g
(PR4) T3, Thy = Tiu T 5, 1<i<j<k<l<nor1<i<k<l<j<n;
(PR5) Ty 1Ty} = Tigo1 Ty Tog Ty T Ty T 1<i<k<j<l<m
(PR6) airTjk = Tjxir, I1<i<j<k<nor 1<j<k<i<n; 1<r<2g;
(PR7) @i 3219 a T kaj,?g"'aj,l) = (aj_,glg'"aj_,llTj,kajgg'"aj,l)ai,r, 1 <73 <1<
k <mn;
j—1
(PRS8) Tjn = (H ai_’ng .. T’j 1T-7_jlal-,1 .. .ai’29> a1 'aj,zgaj_’ll . ;219
=1
Where:

F(2g +n — i) is generated by {a;,;1 < i < n,1 <r <29} U{ti;;i < j < n};
Aj,s =51 Qjs— 1(1J S+1 . ]29, for 1 < s < 2g;

T;’j = ti,j"'ti,i—i-la for 1 <1 <7 <n.

Presentation of X,:

Generators: 0q,...,0,_1.

Relations:
o 0;0; = 0;0;, 0=l = 2
® 0;0i410; = 0;410;0i41, 1<i<n—2;
o 02=1, 1<i<n-1,

where §; is the permutation (7,7 + 1), for all 7.
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We are now able to find a presentation for E:L(M ).

The idea for the proof is to define an abstract group, namely B,,, with the presentation
of the Theorem . After, we define a homomorphism ¢ : B, — E;(M ) in a natural
way and we will show that ¢ is an isomorphism. First, we will show that ¢ is well defined
showing that all relations of B,, holds in EL(M ). After that, we will use Proposition m

to the exact sequence:

1—=PB, (M)~ B, (M) L—~%, —=1 (4.4.1)

to show that ¢ is an isomorphism.

4.4.2 The proof of Theorem |4.4.1

Let us call B,, the abstract group that admits the presentation of the Theorem [£.4.1]
To show the validity of the presentation we will need to add some generators and relations,

keeping equivalent to the other that we have:

new generators:

.tj,ka 1§]<k}§n

new relations:

(R7) aj1, = 050,05, 1<j<n—1;1<r<2g;r even;
(R8) ajt1, = aj’laj,raj’l, 1<ji<n—1;1<r <2g;rodd;
(R9) tjn = 0j0j41+ - OhaOh_103 g+ 0505 ", 1<j<k<n.

It is easy to see that (R7), (R8) and (R9) hold in B;(M), using a braid diagram and
even observing that they are product of the generators set of Theorem [£.4.1, Moreover,

adding these new relations, they still define the same group.
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Note that both presentations define the same group, since the “new” generators and
relations can be written in terms of the old generators by the relations (R7), (R8) and

(R9). Now let us define the mapping in a natural way:

¢ B, — B,(M)
oi— o, 1<i<n—1

Qay,r L aiy,r, 1 S r S 29

Note that we will keep the notation o; and a;, for the braids that will be the images
of the generators o; and a,, of B, under the homomorphism ¢. Such braids are defined
as follows: o; are the elementary n-braids and a;, are the braids that “go through the
wall”, starting and arriving in P, with the remaining strands being trivial.

We claim that ¢ is well defined. Indeed, by |[GM| the relations (R1)-(R9) hold in
B, (M). Since isotopy equivalence relation implies link-homotopy equivalence relation
(see Definition , we have they still hold in EZ(M) By this way, (R1)-(R9) hold in
TQ;(M) Let us give the braid diagram that shows (R6) a1,0; = 0;a1,, for 1 <r <2g, is

valid:

Ay
’ P Py

( LS

\ P
\
\
Ay
v
\
A
-

)

A}
L]
i
Ty
‘
/
i
[}
!
1

s a1

For the other cases, see [GM Section 2.

Now, consider the relation (under @) [ty ;,t} ;] = 1, for h € F(2g+n—1). Let us recall
that the generators of F(2¢g +n — 1) are {a1,,1 < r < 2g} U{t1;,2 < j < n}. Such
relation holds in B;(M ), since it is a particular case from the relation (LH1) in @H(M )
that is contained in E;(M ). So, we have that ¢ is well defined.

To show that ¢ is surjective, consider the short exact sequence (4.4.1).
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Applying Proposition to find the generators of B\n(M ) we have two types: first,
the generators of ]/DE,Z(M ) that become generators of B;(M ) under the inclusion:

{air; 1<i<n, 1<r<2g}U{tjs; 1<j<k<n}

Second, the other type of generators are the elements o; that are pre-image of each
generator 9; € >, fori = 1,...,n—1, under the surjective homomorphism 1 in the exact
sequence: {o;,1 <i<n—1}.

So, we have {a;,; 1 <i<mn, 1 <r<2g}U{tji; 1 <j<k<n}uU{o,1<i<n-—1}
as generators of B:L(M ). But note that, by the relation (R9) we have t;; written as a
product of o;’s and by the relaions (R7)-(R8), a;, can be written as a product of a;,. So

we reduce the set of generators that we found to:
{a1,; 1<r<2g9}U{o;,1<i<n-—1}.

Therefore, we have ¢ surjective, as required.

To show that ¢ is injective, we need to show that all relations in E;(M ) still hold in
B,,. Indeed, we observe that relations (R1)—-(R9) in E(M ) come from the same relations
in B, (M), since isotopy implies link-homotopy. The process made by Gonzalez—Meneses
in [GM] to find all relations of Types 1, 2 and 3 is given in this thesis in Section [L.2]
So, the process is the same for é;(M ). The remainder relation that does not appear in
cases made by GonzélezMeneses, i.e., the link-homotopy relation (LH) [t1;,t} ;] = 1, for
h € F(2g +n — 1), is a relation of Type 1 that comes from (LH1) in the presentation of
FEH(M ), when 7 = 1. The Figure gives a particular case of this relation. Thus, ¢ is
injective.

By this way, we have that B,, and EZ(M ) have the same generators and relations and,
therefore, ¢ is an isomorphism and E;(M ) has the presentation of the Theorem , as

required. [
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